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Abstract. Let Q be a finite quiver without oriented cycles, and let A be tlie correspond- 
ing preprojective algebra. Let q be the Kac-Moody Lie algebra with Cartan datum given 
by Q, and let W be its Weyl group. With w & W , there is associated a unipotent cell 
of the Kac-Moody group with Lie algebra g. In previous work we proved that the 
coordinate ring C[Ar™] of N"' is a cluster algebra in a natural way. A central role is 
played by generating functions (px of Euler characteristics of certain varieties of partial 
composition series of X, where X runs through all modules in a Frobenius subcategory 
Cm of the category of nilpotent A-modules. The first aim of this article is to compare 
the function ipx with the so-called cluster character of X, which is defined in terms of 
the Euler characteristics of quiver Grassmannians. We show that for every X in Cw, fx 
coincides, after an appropriate change of variables, with the cluster character of Fu and 
Keller associated with X using any cluster-tilting object T of Cm. A crucial ingredient of 
the proof is the construction of an isomorphism between varieties of partial composition 
series of X and certain quiver Grassmannians. This isomorphism is obtained in a very 
general setup and should be of interest in itself. Another important tool of the proof 
is a representation-theoretic version of the Chamber Ansatz of Berenstein, Fomin and 
Zelevinsky, adapted to Kac-Moody groups. As an application, we get a new description 
of a generic basis of the cluster algebra A{T^) obtained from C[A^™] via specialization of 
coefficients to 1. Here generic refers to the representation varieties of a quiver potential 
arising from the cluster-tilting module T. For the special case of coefficient-free acyclic 
cluster algebras this proves a conjecture by Dupont. 



1.1. In the recent literature on cluster algebras, calculations of Euler characteristics of 
certain varieties related to quiver representations play a prominent role. In |GLS21 IGLS31 
IGLSSj , cluster variables of coordinate rings of unipotent cells of algebraic groups and Kac- 
Moody groups were shown to be expressible in terms of Euler characteristics of varieties 
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of flags of submodules of preprojective algebra representations. In another direction, 
starting with a formula of Caldero and Chapoton |CCj . the coefficients of the Laurent 
polynomial expansions of cluster variables of some cluster algebras were described as Euler 
characteristics of Grassmannians of submodules of quiver representations. This was first 
achieved for acyclic cluster algebras |CKj . later for cluster algebras admitting a 2-Calabi- 
Yau categorification [0 IFKj , and more recently for general antisymmetric cluster algebras 
of geometric type |DWZ2| . There is a posterior but essentially different proof in [Plj , see 
also [N]. The first aim of this paper is to compare these two types of formulas for the 
large class of cluster algebras which can be realized as coordinate rings of unipotent cells 
of Kac- Moody groups. 

To do this, we will return to the very source of cluster algebras, namely to the Chamber 
Ansatz of Berenstein, Fomin and Zelevinsky |BFZl [BZ] . which describes parametrizations 
of Lusztig's totally positive parts of unipotent subgroups and Schubert varieties. The 
second aim of this paper is to provide a new understanding of the Chamber Ansatz formulas 
in terms of representations of preprojective algebras, together with a generalization to the 
Kac-Moody case. In particular the mysterious twist automorphisms of the unipotent cells 
needed in these formulas turn out to be just shadows of the Auslander-Reiten translations 
of the corresponding Frobenius categories of modules over the preprojective algebras. Our 
treatment of the Chamber Ansatz shows that the numerators of the twisted minors of 
|BFZ1 IBZj form a cluster, and that the Laurent expansions with respect to these special 
clusters have coefficients equal to Euler characteristics of varieties of flags of submodules 
of preprojective algebra representations. This provides the desired link between the two 
types of Euler characteristics mentioned above, and it allows us to show that the cluster 
characters of Fu and Keller [FKj coincide after an appropriate change of variables with 
the v9-functions of |CLS2[ [GLS5] . 

Finally, our third aim is to exploit these results for studying natural bases of cluster 
algebras containing the cluster monomials. We consider the class of coefficient-free cluster 
algebras obtained by specializing to 1 the coefficients of the cluster algebra structures on 
unipotent cells. In jGLS51 Section 15.6] we have found such bases, consisting of appropriate 
subsets of Lusztig's dual semicanonical bases. Here, using the above connection with Fu- 
Keller cluster characters, we give a new description of the same bases in terms of module 
varieties of endomorphism algebras of cluster-tilting modules. In the special case when the 
cluster algebra is acyclic, this proves Dupont's generic basis conjecture [D]. In general, 
the elements of these bases are generating functions of Euler characteristics of quiver 
Grassmannians, at generic points of some particular irreducible components of the module 
varieties. These special irreducible components can be characterized in terms of the new 
ii^-invariant introduced by Derksen, Weyman and Zelevinsky |DWZ2j for representations 
of quivers with potential, and one may therefore conjecture that a similar description of a 
generic basis can be extended to any antisymmetric cluster algebra. 

1.2. To state our results more precisely, we need to introduce some notation. Let Q be 
a finite quiver with vertex set {1, . . . ,n} and without oriented cycles. Denote by A the 
corresponding preprojective algebra. Let q be the Kac-Moody Lie algebra with Cartan 
datum given by Q, and let W be the Weyl group of g. The graded dual ^/(n)*^ of the 
universal enveloping algebra U{n) of the positive part n of g can be identified with the 
coordinate ring C[A^] of an associated pro-unipotent pro- group N with Lie algebra n. 

For w G W , let A^"" := n (B^wB^) be the corresponding unipotent cell in A^, where 
i?_ denotes the standard negative Borel subgroup of the Kac-Moody group G attached to 
g. Here we use the same notation as in |GLS5j . For details on Kac-Moody groups we refer 
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to |Kul Sections 6 and 7.4]. Let Xi{t) denote the one-parameter subgroup of associated 
to the simple root Oi. For each reduced expression i = (v, . . . , ii) of the map 

gives a birational isomorphism from C" to N'^ . In |GLS5j we have described a cluster 
algebra structure on C[A^"'] in terms of the representation theory of the preprojective 
algebra A. 

For a nilpotent A-module X and a = (a^, . . . ,ai) € N'^' let /i,a,x be the projective 
variety of flags 

X. = (0 = C . . . C Xi C Xo = X) 

of submodules of X such that Xk-i/Xk = S'^^ for all 1 < /c < r, where Sj denotes the 
one-dimensional A-module supported on the vertex j of Q. The varieties J^i,a,x were first 
introduced by Lusztig jLl] for his Lagrangian construction of U{n). Dualizing Lusztig's 
construction, we can associate with X a regular function ipx € C[A^] satisfying 

^X{xi{t)) = X(-^i,a,x)t". 

aGN'' 

Here t = (t^, . . . , ^i) E C, t** := t"*" • • • ^2^*1^ and x denotes the topological Euler charac- 
teristic. 

Buan, lyama, Reiten, and Scott [BIRSj have attached to u; a 2-Calabi-Yau Frobenius 
subcategory of the category of finite-dimensional nilpotent A-modules. (The same 
categories were studied independently in jGLS4] for special elements w called adaptable.) 
In |GLS5j we showed that the C-span of 

{(fx I X G Cw} 

is a subalgebra of C[A^], which becomes isomorphic to C[A^'"] after localization at the mul- 
tiplicative subset {ifp I P is C^-projective-injective}. Moreover, we showed that CfA^'"] 
carries a cluster algebra structure, whose cluster variables are of the form ipx for inde- 
composable modules X in Cii) without self-extension. In Section [2] we explain this in more 
detail. 

The category comes with a remarkable module Vj for each reduced expression i of u; 
(see jBIRS|. Section III. 2], jGLSSl Section 2.4]). The (^-functions of the indecomposable 
direct summands of Vi are some generalized minors on which form a natural initial 
cluster of C[A^"']. We introduce the new module 

where Q,w = is the inverse Auslander- Reiten translation of C^, and 1^ is the direct sum 
of the indecomposable C^-projective-injectives. For a A-module X, the set 'Ext\{Wi, X) 
is in a natural way a left module over the stable endomorphism algebra 

^ := EndcjT^i)°P = EndcjFi)°P. 

Denote by Gr^(Ext\(Wi, X)) the projective variety of ^-submodules of Ext]\^(Wi, X) with 
dimension vector d, a so-called quiver Grassmannian. Our first main result is 

Theorem 1. For X ^ 0^ and all a € N'', there is an isomorphism of algebraic varieties 

-7^i,a,x = Gr|^(^)(Exti(VFi,X)), 

where di^x is an explicit bijection from {a | J~i^a.,x 7^ ^} to {d | Gr^(Extj^(VFi, X)) ^ 0}. 
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It follows easily that the set {a | x(-^i.a.x) 7^ 0} has a unique element if and only if 
Ext\{Wi, X) = 0. Now by construction, Wi is a cluster-tilting module of 0^, that is, 
Ext\{Wi, X) = if and only if X belongs to the additive hull add(VFi) of Wi. Moreover, 
in this case -^i,a,x is reduced to a point. Hence Theorem [1] has the following important 
consequence: 

Theorem 2. For X G Cm, the polynomial function t 1— )• ipx{x{{t)) is reduced to a single 
monomial t*^ if and only if X £ add(Tyi). 

1.3. Let Wi^i, . . . , Wi^r denote the indecomposable direct summands of Wi. The r-tuple 
of regular functions {(fWi n ■ ■ ■ , ^Wi r) is a cluster of C[A^"'], and it follows from Theorem [2] 
that the fWiki—ii^)) monomials in the variables ti,...,tr. Inverting this monomial 
transformation yields expressions of the t^'s as explicit rational functions on A^"', a result 
originally called the Chamber Ansatz by Berenstein, Fomin and Zelevinsky |BFZj in type 
An, because of a convenient description of these formulas in terms of chambers in a wiring 
diagram. To present these formulas in the general Kac-Moody setting, we need more 
notation. By construction, the summands Vi^k of Vi are related to the modules Wi^k by 
short exact sequences 

^ Wi,k ^ P{Vi,k) ^ Vi,k ^ 
where for X G Cw, P{X) denotes the projective cover in Cyj. We set 

a Laurent monomial in the ^Wik (since add(PFi) contains all C^u-projectives). As will 
be explained in Section 11.61 below, the regular functions ip'y^ ^ on A^"' are the twisted 
generalized minors of |BZj corresponding to i (in the Dynkin case). 

Denote by q{i,j) the number of edges between two vertices i and j of the underlying 
unoriented graph of the quiver Q. For 1 < A; < r, put 



1 n f ■\ 

(1^1) n (»>''',, ^ 



where k (j) := max{0, l<s<k — l\is=j} and Vi^Q is by convention the zero module. 

Theorem 3. For 1 < k < r and t = {tr, . . . ,ti) we have Ci^fc(a;j(t)) = tk. Therefore, for 
X G Cw we get an equality in C[A''"']; 

(1-2) ^x=Yl xi^i,.,x)ci; ■ ■ ■ ciici\. 

1.4. Using Theorem [H we now want to compare Equation ()1.2p with similar formulas of 
Fu and Keller. To simplify our notation, we define 



R 



R 

max 



{1,2,. ..,r}, 

{k £ R \ there is no fc < ,s < r with is = ik}, 

R \ Rmax- 



Let T = Ti ® • • • © be a basic cluster-tilting module in Cy^ , where the numbering is 
chosen so that Tk is C^-projective-injective for k G i?max- Assume that {ipTi, ■ ■ ■ , ^Tr) is 
a cluster of C[A'"'"], i.e. that it can be obtained from ((/?y. ^ , . . . , (/jy; r) by a sequence of 
mutations. In this case, T is called Vi-reachable. (One conjectures that this is always the 
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case.) The endomorphism algebra £t '■= EndA(r)°P has global dimension 3, see |GLS51 
Proposition 2.19]. Thus we may consider 



:= (5^7)fc,iGK := ((dimHomA(rfc,rz))fc,ieR)- 



t 



the matrix of the Ringel bilinear form for £t- (For a matrix B, we denote the inverse of 
its transpose by 

For a general 2-Calabi-Yau Frobenius category C with a cluster-tilting object, Fu and 
Keller |FK1 Section 3] (extending previous work of Palu [P]) have attached to every object 
of C a Laurent polynomial called its cluster character. When applied to the category 
and the cluster-tilting object T, the formula for this cluster character can be written as 

(1.3) ^^diSiHo.n.(T,X)).i.m . ^ ;,(Grf-(Exti(r,X)))^^ (X G C.). 

Here we use the abbreviations 

'■= UkeR 'PtI ior g = {gi,g2,...,gr) eZ^ 

■■= Uk^R. 0T,k for d = idk)keR- e N«- . 

By [FKl Theorem 4.3] and |GLS5l Theorem 3.3], the cluster variables of C[iV'"'] are 
of the form Oj^ for indecomposable rigid modules X of Cw, and (II. 3p gives therefore a 
representation-theoretic description of their cluster expansions with respect to the cluster 
{(fTi , ■ ■ ■ , fTr) ■ However, for an arbitrary X € not much is known about the func- 
tion 6^. For instance it is a priori only a rational function on A^"'. Using Theorem [T] and 
the Chamber Ansatz Theorem [3l we prove our next main result: 

Theorem 4. For every X ^ Cy^ we have 

Ox = H^x- 

In particular, Oj^ is a regular function on N"^ for every X £ Cyj, that is, the image of the 
cluster character X ^ 9^ is in the cluster algebra C[A^"']. 

1.5. In the last part of this paper, we deduce from Theorem [H a new description of a 
generic basis for the coefficient-free cluster algebra obtained from C[A^'"] by specializing 
to 1 the functions (pp for all Ci„-projective-injectives P. (This algebra can be seen as the 
coordinate ring of the subvariety A^n (N-wN-) of A^"', but we will not use it.) In |GLS51 
Section 15.6] we have already described such a basis in terms of generic modules over the 
preprojective algebra A. Here we want to express it in terms of generic modules over the 
stable endomorphism algebra £_j' of the cluster-tilting module T. 

The quiver F^^ of £_j^ has the set R- as vertices, with k G corresponding to T^, 

(T) 

and it has [i?;^ ]^_ arrows from k to I, where we write for short [z]+ = max(2;,0). We 
consider the cluster algebra ^(F^-) C C{{xk)k£R-) with initial seed ((xfc)fcg^_, F^). We 
have a unique ring homomorphism H^-: C[A^"'] — )■ C{{xk)keR^) such that IlT{ipTk) = 
for k € and IlTi^PTk) = 1 foi" ^ ^ -^max- The homomorphism Ut restricts to an 
epimorphism C[A^"'] A{T_j'), which we also denote by H^. 

Following Palu [P], for an ^j.-module Y we put 

(1.4) ^y:=x^^- Y1 x(Grf^(y))4, 
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where 

Ey ■= {gk)k(iR. ■= (dimExtl {Sk,Y) - dim Hom^- (5^,1")) 

and 

:= n 4\ iT,k := n -I ' := n 4%- 

keR- l&R^ keR- 

(Here 5^, k G R- are the simple ^j^-modules.) In fact, if y = 'Ext\{T, X) for some 
X € Cw, in view of Theorem U] we have V'y = ^t{v^x)- 

For d € N'^" let mod(^j', d) be the affine variety of representations of with dimension 
vector d. It will be convenient to consider mod(^'p,d) with the right action of 

GLd:= n GLd(fc)(C) 

by conjugation. For each irreducible component Z of mod(^7i,d) there is a dense open 
subset U C Z such that for all U,U' G U we have ipu = ipiji. Define '■= '4'u, where 
U GlA. An irreducible component Z of m.o<l{£_j'^ d) is called strongly reduced if there is a 
dense open subset lA ^ Z such that 

codimz{U. GLd) = dimHom^^ (%Ht^)> u) 

for all U gU, where denotes the Auslander-Reiten translation of mod(^7^). It follows 
from Voigt's Lemma [Gj Proposition 1.1] that strongly reduced components are (scheme- 
theoretically) generically reduced, hence the name. But contrary to what the terminology 
might suggest, being strongly reduced is not a property of the scheme Z equipped with its 
GLd-action, since the definition uses additionally the representation theory of the algebra 
£_rp. Note also that £_rp is given by a quiver with potential |BIRSm| . and that 

dimHomf^(r^^i(;7),[/) = ^''^j(C/) 

is the E-invariant defined in |DWZ2] . 

Let Irr(mod(^2-, d)) be the set of irreducible components of mod(^j^, d), and set 

Irr(^2-) := |^ Irr(mod(^2^, d)). 

Let Irr'^''(^2") denote the set of all strongly reduced irreducible components in Irr{£_'^). For 
Z G lrv{£j., d) define Null(2:) := {m G N^- | m{k) = if d{k) / 0}. 

Finally, let us denote by the dual semicanonical basis of C[A^"'] constructed in 
|GLS5] . We can now state 

Theorem 5. The set 

Gl ■= {x^-^z\Z(i Irr^'-(^r), m G Null(Z)} 

is a basis of the cluster algebra A{T_j'). It is equal to the image of the dual semicanonical 
basis 5* under Ut : ClN""] AiVj.). 

Each finite-dimensional path algebra is isomorphic to for some appropriate A, w 
and T, see |GLS51 Section 16]. In this case, mod(^2^, d) is an (irreducible) affine space for 
all d, and it is easy to see that mod(^y,d) is strongly reduced. Thus Theorem [S] implies 
Dupont's conjecture [D[ Conjecture 6.1]. On the other hand, even if is not hereditary 
but mutation equivalent to an acyclic quiver, it is quite easy to find examples of irreducible 
components of varieties mod(^j',d) which are not strongly reduced. 
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Since Theorem gives a description of the generic basis of A{Tj') entirely in terms 
of the varieties of representations of the algebra Sj^, it is natural in view of |DWZ2j to ask 
if the first statement of Theorem [5] generalizes to other classes of cluster algebras. 

1.6. The paper closes with our categorical interpretation of the twist automorphisms of 
the unipotent cells, introduced by Berenstein, Fomin and Zelevinsky in connection with 
the Chamber Ansatz. For x € N"^, the intersection n {B-wx^) consists of a unique 
element, which, following |BFZ1 iBZl IGLS5] . we denote by riu,{x). (The anti-automorphism 
g ^ oi the Kac- Moody group is defined in |GLS5t Section 7.1]. For more details on 'qyj 
we refer to |GLS5[ Section 8].) The map ry^ is in fact a regular automorphism of A"', and 
we denote by (??^)~^ the C-algebra automorphism of C[A"'], defined by 

(«)-V)(x)=/(r?-i(x)) (/GC[A-]). 
Theorem 6. For every X £ Cy^, we have 

'^P{X) 

Moreover, rj^ preserves the dual semicanonical basis of C[A'"] and permutes its ele- 
ments. 

Thus, the regular functions (^y. ^ occurring in Theorem [3] are obtained by twisting 

the generalized minors ^Vn, with rj~^, in agreement with |BFZ1 [BZ] in the Dynkin case. 
We believe that Theorem [6] provides a conceptual explanation of the existence of the 
automorphism rjyj, and of its compatibility with total positivity |BZ1 Proposition 5.3]. 

1.7. The article is organized as follows: In Section [2] we give a short reminder on cluster 
algebras and some previous results. In Section [3] we construct isomorphisms between fiag 
varieties and quiver Grassmannians in a very general setup. The isomorphisms stated in 
Theorem [J turn out to be special cases. Section U] contains the proofs of Theorems [T] and [2] 
and of the Chamber Ansatz Theorem [3] together with some illustrating examples. The 
proof of the cluster character identities stated in Theorem U and a detailed example are 
in Sections [5] and [H The proof of Theorem [5] is in Sections [7] and [HI Finally, Section [9] 
contains the proof of Theorem |6l 

1.8. Notation. Throughout, we work over the field C of complex numbers. For a C- 
algebra A let mod(A) be the category of finite-dimensional left A-modules. By an A- 
module we always mean a module in mod(A), unless stated otherwise. Often we do not 
distinguish between a module and its isomorphism class. Let D := Homc(— ,C) be the 
usual duality functor. 

For a quiver Q let rep(Q) be the category of finite-dimensional representations of Q 
over C. It is well known that we can identify rep((5) and mod(CQ). 

By a subcategory we always mean a full subcategory. For an A-module M let add(M) 
be the subcategory of all j4-modules which are isomorphic to finite direct sums of direct 
summands of M. A subcategory hi of m.od{A) is an additive subcategory if any finite direct 
sum of modules in U is again in hi. By Fac(M) (resp. Sub(M)) we denote the subcategory 
of all j4-modules X such that there exists some t > 1 and some epimorphism M* — ?> X 
(resp. monomorphism X — )■ M*). 

For an A- module M let S(M) be the number of isomorphism classes of indecomposable 
direct summands of M. An ^4- module is called basic if it can be written as a direct sum 
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of pairwise non-isomorphic indecomposable modules. An A-module M is called rigid if 
Ext\ (M,M) = 0. 

For an ^-module M and a simple A-module 5 let [M : S] be the Jordan-Holder mul- 
tiplicity of 5 in a composition series of M. Let dim(M) := dim^(M) := ([M : S])s 
be the dimension vector of M, where S runs through all isomorphism classes of simple 
A-modules. 

For a set U we denote its cardinality by |C/|. If f : X ^ Y and g:Y^Z are maps, 
then the composition is denoted gf = g ° f ■ X —?■ Z. 

If [/ is a subset of a C- vector space V, then let Span5-(f7) be the subspace of V generated 
hyU. 

Let N = {0,1,2,...} be the natural numbers, including 0, and let Z be the ring of 
integers. For a domain R let R{Xi, . . . , Xr), R[Xi, . . . , Xr] and R[X^^, . . . , X^^] be the 
field of rational functions, the polynomial ring, and the ring of Laurent polynomials in the 
variables Xi, . . . , Xr with coefficients in R, respectively. 



2. Reminder on cluster algebras 

2.1. Let := Q(Xi, . . . ,Xr) be the field of rational functions in r variables. We fix a 
subset F Q {1, . . . ,r}. 

A seed in is a pair {x, F), where F = (Fq, Fi, s, t) is a finite quiver without loops and 
without 2-cycles with set of vertices Fq = {1, . . . , r}, and x = {xi, . . . ,Xr) with xi, . . . ,Xr 
algebraically independent elements in J^. The vertices in {1, . . . ,r}\F are called mutable, 
and the ones in F are frozen. 

Given a seed {x, F) in and a mutable vertex k of F, we define the mutation of {x, F) 

fik{x,T) := {x',r'). 

The quiver F' is obtained from F by applying the Fomin-Zelevinsky quiver mutation at k, 
which is defined as follows: For 1 < i,j < r let 

7jj := I number of arrows j — )• i in F| — | number of arrows i j in F|. 

(Recall that there are no 2-cycles in F. So at least one of the numbers on the right-hand 
side is 0.) By definition also F' has no loops and no 2-cycles, and the corresponding 
numbers j',, for F' are 



7: 



—'Jij if i = k OT j = k, 

^^^+\jl!!hhl±2lhhhA otherwise. 



Finally, defined by 



x 



I J 



^ [Ylk^iXi + Wj^k^j) ifs = A;, 

Xo otherwise 



where the products are taken over all arrows of F which start, respectively end, in k. 
Set /^(x,r)(^fc) := x'f.. It is easy to check that (x',F') is again a seed in F and that 
^il{x,T) = {x,T). 
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Two seeds {x,T) and are mutation equivalent if there is a sequence (ki, . . . ,kt) 

with ki € {1, . . . ,r}\F for all i such that 

^lkt■■■lJ'k2^J'kA^,^) = (y,^)- 

In this case, we write ^ {x,T). 

For a seed {x,T) in T let 

-^(^.r) := U {?/!,• ••,2/r} 

(3/,s)^(x,r) 

where the union is over all seeds with ~ (a^,r). By definition, the cluster 

algebra A{x,T) associated to {x,T) is the subalgebra of generated by -^(^.r)- 

We call (y, S) a seed in A{x, T) if {y, S) ~ (x, F). In this case, y is a cluster in A{x, F), 
the elements yi, . . . ,yr are cluster variables and • • • y™'' with rrii > for all i are cluster 
monomials in >i(2;,F). 

For any seed of the form (y, F) in T we obtain an isomorphism A{x, F) — )■ w4(?/, F) given 
by Xi I— 7> y.j for all 1 < z < r. So one sometimes writes just ^(F) instead of A{x, F). 

Note that for any cluster y in A{x, F) we have yi = Xi for all i F. These cluster 
variables are also called coefficients of ^(x,F). Localizing A{x,T) at Higf ^« yields an 
algebra A{x,T, F^), which we also call a cluster algebra. 

There are algebra epimorphisms 

A{x, F) A{x, F) and A{x, r,F^) ^ A{x, F) 

defined by 

fl ifiGF, 
Xi ^ s 

\xi otherwise, 

where ^(^, F) C Q((xi)jg|i is again a cluster algebra with x := ixi)i^[i^,,,^r}\Fj ^^(^ 

the quiver F is obtained from F by deleting all vertices in F and all arrows starting or 
ending in one of the vertices in F. We say that the cluster algebra A{x, F) is obtained from 
A{x,r) by specialization of coefficients to 1, and the two epimorphisms defined above are 
called specialization morphisms. Clearly, the specialization morphisms induce a surjective 
map A'(^^r) \{xi\ie F} ^ ^ix,r)- 

Using the identification C[A^"'] = A(Tt), the epimorphism IIt defined in Section [1.51 
can be seen as a specialization morphism. Thus the cluster algebra A{T_j') is obtained 
from C[A^"'] by specialization of coefficients to 1. 

2.2. Cluster algebra structures for coordinate rings of unipotent cells. In a series 
of papers [GLSH IGLS2[ IGLS5] we constructed a map 

(f: nil (A) ^C[N] 

which maps a nilpotent A-module X to a function ipx G C[A^]. This map satisfies the 
following properties: 

(i) For aU X,Y e nil(A) we have 

(ii) Let X,Y e nil(A) with dimExt\(X,y) = dimExt]^(y, X) = 1, and let 

O^X^E'^Y^O and O^Y^E"^X^O 
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be non-split short exact sequences. Then we have 

'^X^Y = V'E' + V'E"- 

(hi) Restriction yields a map 

(Again we identified C[A^"'] with the localization of the C-span of {ipx \ X G C^} 
at {(fp I P is Ct„-projective-injective}.) 

(iv) Let i = {ir, ■ ■ ■ be a reduced expression of w, and let F := Fi and F := Rmax- 
(The definitions of Fj and -Rmax can be found in Sections 13.61 and fL^ respectively.) 
Then there is an algebra isomorphism 

7]i: ^(x,F,F±) ^C[iVn 

with 7/i(xfc) = ipVi f, for all 1 < A; < r. 

Using the isomorphism r/i one can now speak of cluster variables and cluster monomials 
in C[A^"']. For example, an r-tuple (tpTi , ■ ■ ■ , (fTr) is a cluster in C[A^"'] if and only if 
there is a seed (2/,S) in A{x,r, F^) with r]{{yi) = ipTi for all i. In this case, let T := 
Ti © • • • © T^. The vertices of the quiver Ft of the endomorphism algebra EndA(T)°P are 
naturally parametrized by 1, . . . , r and the following hold: 

(v) With the exception of arrows between coefficients c,d(zF, the quivers E and Fy 
coincide. The seed {y, S) in A{x, F) is already determined by y. 

(vi) The module T is a basic cluster-tilting module in Cw For any mutable vertex k 
there is a unique indecomposable € with ^ Tk such that 

/.fc(r) ■.= Tl®T/T,, 
is a basic cluster-tilting module in Cw For := H[y^T,)iyk) we have 

Viiy'k) = "Pt^- 

We say that {(pT^ , . . . ,ip^, . . . ,ipT^) is obtained from {ipT^ , . . . ,ipTk, ■ ■ ■ ,^Tr) by 
mutation in direction k. We also say that fJ^kiT) is obtained from T by mutation 
in direction k. 

(vii) We have dimExtj^(Tfc, T^) = dim Ext ^^(T'^, 71- ) = 1, and there are short exact 
sequences 

O^Tk^^Tj^Tl^^O and ^ ^ ^ Tfc ^ 0, 

j—^k k~^i 

where we sum over all arrows in Tt ending and starting in k, respectively. Fur- 
thermore, the identity 

vkVk = Ylyi+Ylyj 

k—^i j—^k 

in A{x, F) corresponds to the identity 



fnv^u = n '^^i + n 

k—^i j—>k 

(T) 

in C[A^"']. For i,j G R, the number of arrows A; — t- i in Tt equals [S^^ ]+ and the 

(T) 

number of arrows j — )• /c is [—Bj ^. ] + . 
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(viii) 



The cluster monomials in C[A^'"] are 



where mj > for all i, and T := Ti © • • • © runs through the set of Vi-reachable 
cluster-tilting modules in Cw 
(ix) All cluster monomials in C[A^'"] belong to the dual semicanonical basis of C[A^'"]. 



3.1. Basic algebras and nilpotent modules. Let T = (ro,ri,s,t) be a finite quiver 
with set of vertices Tq = {1, . . . , n}, and set of arrows Fi. For an arrow a : i — )• j in F let 
s{a) := i and t(a) := j be its start vertex and terminal vertex, respectively. 

A path of length m in F is an m-tuple p = (ai,...,am) of arrows in F such that 
s{ai) = t(aj+i) for all 1 < i < m — 1. We define s{p) := s{am) and t{p) := t{ai). 
Additionally, for each vertex i £ Tq there is a path of length with s{ei) = t{ei) = i. 
An arrow a in F is a loop if s{a) = t{a). A path p = (ai, 02) is a 2-cycle if s{p) = t{p). 

The path algebra CF of F has the paths in F as a C-basis, and the multiplication of two 
paths p and q is defined by 



Extending this rule linearly turns CF into an associative C-algebra with unit element. 

For m > let CF>m be the ideal in CF generated by all paths of length m. An algebra 
A is called basic \i A = CF/J, where J is an ideal in CF with J C CF>2. For the rest of 
this section, we assume that A = CF/J is a basic algebra. 

Let 5*1, . . . , S'n, be the 1-dimensional ^-modules associated to the vertices of F. (If ^ 
is finite-dimensional, then Si^... ,Sn are all simple ^-modules up to isomorphism.) We 
focus on A-modules having only (Si, . . . as composition factors. These modules are 
called nilpotent. The category of all nilpotent ^-modules is denoted by nil(^). (If A is 
finite-dimensional, then nil(A) = mod(^).) Let Ii,...,/^ be the injective envelopes of 
5i, . . . , 5n, respectively. (The modules Ij are in general infinite-dimensional A-modules.) 

Let Ji be the maximal ideal of A spanned by all residue classes p := p + J of paths, 
where p runs through all paths except ej. Thus A/Ji is 1-dimensional and (as an A- 
module) isomorphic to Si. (In the following, we sometimes do not distinguish between a 
path p in CF and its residue class p.) 

Each (not necessarily finite-dimensional) ^-module X can be interpreted as a represen- 
tation X = (X(i), X(a))jgro,aeri of the quiver F, where the vector space X{i) is defined 
by CjX, and the linear map X{a): X[s{a)) X{t{a)) is defined by x i-)- ax. Recall 
that a subrepresentation of X is given hy U = (C/(i))jgro) where U{i) is a subspace of 
X{i) for all i, and for all a € Fi we have X{a){U{s{a))) C U(t{a)). When passing from 
modules to representations, the submodules obviously correspond to the subrepresenta- 
tions. The dimension vector of a representation X = {X{i), A'(a))jgro,aGri is by definition 
dimr(X) := {dim.X(i))i(zQ^. 

Definition 3.1. For a dimension vector d, let Gr^(X) be the projective variety of subrep- 
resentations y of X with dimp(y) = d. Such a variety is called a quiver Grassmannian. 



3. Partial flag varieties and quiver Grassmannians 



pq 




(ai, . . .,am) and q = {bi, ... ,6/) 
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If X is nilpotent, then dimX(i) = [M : Si] for all i € Qq. We study Grassmannians 
Gt^{X) only for nilpotent ^-modules X, so there is no danger of confusing the two types 
of dimension vectors dimp(— ) and dim^(— ) associated to X and its submodules. 

3.2. Refined socle and top series. For an arbitrary (not necessarily finite-dimensional) 
A-module X and a simple yl-module S, let soc5'(X) be the sum of all submodules U of X 
with U = S. (If there is no such U, then soc5(X) = 0.) Similarly, let topg^X) = X/V, 
where V is the intersection of all submodules U of X such that X/U = S. (If there is no 
such U, then V = X and tops{X) = 0.) Define rads(X) := V. 

Let us interpret X as a representation X = {X{i), X{a))i^ro,aeri of T, and let 1 < j < n. 
Then soc5.(X) can be seen as a subrepresentation (X'(i))jgro of X, where 



X'(i) 



jo ifi/j, 
lna.r„.(a)=.Ker(X(a)) ifi = j. 

Similarly, rad5.(X) can be seen as a subrepresentation (X'(i))jgro of X, where 



X'{i) 



Xii) if i + j, 

.EaGri,t{a)=j Im(X(a)) if i = j. 

It follows that socSj{X) and top5^. (X) are isomorphic to (possibly infinite) direct sums of 
copies of Sj. 

Now fix some sequence i = {ir, . . . with 1 < ik 1^ n for all k. There exists a unique 
chain 

(0 = C . . . C Xi C Xo C X) 

of submodules of X such that Xk_i/Xk = socg.^ (X/X^ ) for all 1 < A; < r. We define 
soci(X) := Xo, 

K ■■= 4'^ ■■= 

for ah < /c < r, and X+ := xi'+ := (X+ C • • • C X+ C X+). If soci(X) = X, then we 
call this chain the refined socle series of type i of X. Similarly, there exists a unique chain 

(0 C X,. C . . . C Xi C Xo = X) 

of submodules X^ of X such that X/c_i/Xfc = top^, (Xfc_i) for all 1 < A: < r. Set 
topi(X) := X/Xr, radi(X) := X^, and 

'■= '■= 

for all < A; < r. Define X." := Xi := (X" C • • • C Xf C X"). If radi(X) = 0, then 
X~ is called the refined top series of type i of X. 

The following lemma is straightforward: 

Lemma 3.2. For arbitrary (not necessarily finite- dimensional) A-modules X and Y and 
every A-module homomorphism f : X ^ Y the following hold: 

(i) /(soci(X)) C soci(y) and /(radi(X)) C radi(F). 

(ii) If f is a monomorphism (resp. epimorphism) , then the induced maps 

XI soci(X) ^ Yj soci(y) and radi(X) ^ radi(y) 

are both monomorphisms (resp. epimorphisms) . 

(iii) //soci(y) = Y, then /(radi(X)) = 0. 
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For 1 < k, s < r define 



Jk,. 



Also the next lemma is easy to show: 




Jis if A; > s, 
otherwise. 



Lemma 3.3. For an arbitrary (not necessarily finite- dimensional) A-module X and 1 < 
k < r we have Jk,iX = = rad(j^,^,,, 

Corollary 3.4. The algebra A/ J^^i is finite- dimensional for all 1 <k <r. 

Proof. Use Lemma 13.31 and the fact that the quiver F of ^4 is finite. □ 

Let Di be the category of all ^-modules X in mod(^) such that soci(X) = X. 
Lemma 3.5. For an A-module X the following are equivalent: 

(i) X G A. 

(ii) soci(X) = X. 

(iii) radi(X) = 0. 

Proof. By definition, (i) and (ii) are equivalent. The equivalence of (ii) and (iii) follows 
by an obvious induction on the length r of the sequence i. □ 

Let Ai := A/ J^^i- We identify the category m.o(i{A\) of finite-dimensional Aj-modules 
with the category of all X in nil(A) such that Jr.iX = 0. Under this identification we 
obviously get the following: 

Lemma 3.6. We have T>{ = mod(yli). 
3.3. Partial composition series. 

Definition 3.7. For X ^T)\ and a = (or, . . . ,ai) with aj > let -^i,a,x be the (possibly 
empty) set of chains X, = (0 = Xj. C • • • C Xi C Xq = X) of sub modules X^ of X such 
that ^ S^^ for all 1 < /c < r. We call {0 = Xr C ■ ■ ■ C Xi C Xq = X) a partial 

composition series of type i of X. 

Clearly, J^i,a,x is a projective variety. The weight of X, € J^i,a,x is defined by 

wt{X,) := (or, . . . ,a2,ai). 

If X, = X~ (resp. X = X+), we define a~(X) := wt{X~) and a^(X) := Ofc (resp. 
a+(X) := wt(X+) and a+(X) := Ok) for aU 1 < /c < r. 

Lemma 3.8. For X £ Vi and {Xr C • • • C Xi C Xq) G J^i,a,x we have 

X, C Xk C X+ 

for all 1 < k < r. 

Proof. For 1 < k < r we show that X^ C X^ by decreasing induction on k. Clearly, 
we have Xj. C X^ . (By definition, Xr = X^ = 0.) Next, assume that Xg C X^ 
for some 1 < s < r. Thus, there is an epimorphism vr: X/Xs — > X/X^. We have 
Xs-i/Xg C S0C5. (X/Xs), and by definition X^_-^^/X^ = S0C5. (X/X^). This implies 
that Tr{Xs-i/Xs) C X+_-^/X+. In other words, x + X+ e X+_^/X+ for all x G Xs-i. For 
each such x there exists some y G X^-^ with x + X^ = y + Xf. This implies that x — y 
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is in X^. Since C X^_^ we get x € ^st^i- Thus we have proved that X^ C X^ for all 
1 < k < r. Similarly, one shows by induction on k that XJ^ C Xf. for all 1 < < r. □ 

The next lemma follows from the uniqueness of refined socle and top series. 
Lemma 3.9. Let X G Vi. If a. is equal to wt(X~) or wt(X^), then x iJ'i,aL,x) = 1- 
Corollary 3.10. For every X ^T)\ there exists some a such that x {^\,a.,x) 7^ 0. 

3.4. The modules V\. Let A = CF/J be a basic algebra, and let i = with 
1 < ^fc ^ n for all k. Without loss of generality we assume that for each 1 < j < n there 
exists some k with ik = j. For 1 < A: < r and 1 < j < n let 

k~ := max{0, l<s<k — l\is = ik}, 

k^ := min{A; + l<s<r, r + l|ijj= i^}, 
fcmax := max{l < s < r | = i^}, 
fcmin := min{l < s < r \ i^ = ik}, 
kj := max{l < s < r \ ig = j}. 

For 1 < k < r define 

Vk := := soC(i^,^...^i^)(7iJ 

and Vi := Vi e ■ ■ ■ e Vr- We also set Vq := 0. For every 1 < j < n let lij := Vkj and 
/j := li^i © • • • © li n- The modules in add(/i) are called i-injective. 

Lemma 3.11. For 1 < k < r we have Vk = D{eii,{A/Jk^i)). In particular, Vk is an 
indecomposable injective A/ Jk,i-module. 

Proof. Clearly, Jk,iVk = 0. Thus Vk is an ^/ i-module. We have S0C5. (Vfc) = Si^. Thus 
Vk can be embedded into the indecomposable injective A/J^, i-module D{ei^{A/ Jk^i))- We 
have socSif,{D{ei^{A/ Jk^i))) = Si^. Therefore D{ei^{A/ Jk^i)) can be embedded into li^. 
Thus we get two monomorphisms 

Vk^D{e,,{A/Jk,i))^Ii,. 

Since soc^i^^,,,^i-^){D{ei^^{A/ Jk^i))) = D{ei^{A/ Jk^i)), we can apply Lemma E^fi) and get 
L2{D{ei^{A/Jk,i))) Q soc(jj^^...^j^)(/ij^). Since D{ei^{A/ Jk,i)) is finite-dimensional by Corol- 
lary[331 this implies that Vk = D{ei^{A/ Jk,i)). □ 

Corollary 3.12. Vi G A. 

Proof. We have soci(Vi) = Vi, and is finite-dimensional by Corollary 13 . 41 and Lemma[3TTJ 

□ 

Lemma 3.13. An A\-module X is injective if and only if X ^ add(/i). 

Proof. One easily checks that ejJr,i = ejJkj^i. This implies L'(ej( A/ Jj.^i)) = D{ej{A/ Jk^^i))- 
But D{ej{A/ Jkj^i)) = lij by Lemma [3.111 Thus the modules in add(/i) are the injective 
^i-modules. □ 

Lemma 3.14. For every 1 < k < r there is a monomorphism Vk- Vk- 
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Proof. We have J^^i ^ J^.- ^. Thus there is a short exact sequence 

^ Jk-,i/Jk,i A/Ji,-^^ 0. 

Applying Cj^ • and then the duality D yields a short exact sequence 

^ D(e,,(A/4-,i)) ^ D{e,,{A/Jk^^)) ^ D{e,^{Jk- ,i/ Jk,i)) ^ 0. 
Now the result follows from Lemma |3. Ill □ 

The following lemma is well known and easy to prove: 
Lemma 3.15. For any A-module X and any idempotent e in A the following hold: 

(i) There is an isomorphism of {eAe)°^ -modules 

D{eX) ^ Rom A{X,D{e A)) 

defined hy rj ^ fr^ ■= [x i->- (ea i-^ r]{eax))]. 

(ii) Assume that X is finite- dimensional. Then there is an isomorphism of eAe- 
modules 

eX ^ DYiomA{X,D{eA)) 
defined by ex [f f{x){e)]. 

The vector space DHom^(X, D(e^)) is an Endyi(D(eA))°P-module in an obvious way, 
and we have eAe = EndA{D{eA))°^ . Under the isomorphisms eX = DKouiaIX, D{eA)) 
and eAe = EndA{D{eA))°P , the action of EndA(£'(eA))°P on DBouiAiX, D{eA)) turns 
into the action eae ■ ex := eaex of eAe on eX. 

Lemma 3.16. For any A-module X we have 

RomA{X,Vk) = UomA{X/X~,Vk) = Hom^/j^^ (X/X", T4). 

Proof. We have soc(jj.^,,, j^)(Vfc) = V^, and rad(,j,^,,,^jj)(X) = X^ . Bv Lemma l3.2( iii) this im- 
plies f{X^) = for every / G }ioniA{X, 14). This yields the identification Hom^(X, V^) = 
Hom^(X/X^, Vfc). Now X/XJ^ and Vk are annihilated by J^ i. Thus X/X^ and are 
A/Jfc^i-modules. This implies Hom^(X/X^, V^) = Hom^/j^, ^ (X/X^, V^). □ 

Corollary 3.17. For any finite- dimensional A-module X we have 

DRomA{X,Vk)^ei^{X/X^). 

Proof. The ^-modules X/X^ and Vk can be regarded as an ^/ i-module, since both are 
annihilated by i, and Vk is injective as an ^/J^ i-module. Now we apply Lemma [3. 151 

□ 

3.5. Balanced modules. An A-module X is called i-balanced if X € Pi and X^ = X+. 
Thus, X is i-balanced if and only if X^ = X^ for all < /c < r. 

Proposition 3.18. Let X S P;. Then the following are equivalent: 



(i) X is i-balanced. 

(ii) There is a unique b such that J~i,b,x 7^ ^ ■ 

(iii) There is a unique b such that x {^\,h,x) 7^ 0. 
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Proof, (i) =^ (ii): Since X G Pj, we know that soci(X) = X and radi(X) = 0. This 
imphes that -^i wt(Jf") x -^i wt(x+) x both non-empty. Set b := wt(X+). Since X 
is i-balanced, we have X^ = for ah k. In other words, b = wt{X~) = wt{X^). The 
uniqueness of b follows now from Lemma 13.81 

(ii) =^ (iii): This follows directly from Lemma 13.91 

(iii) =^ (i): Since X € A, Lemma EJ] implies x(-^i,„t(x.-),x) = x(-^i,wt(x.+),x) = 
1. Since we assume b to be unique, we get wt(X~) = wt(X+). Now (i) follows from 
Lemma 13.81 □ 



Lemma 3.19. Let X and Y be A-modules. Then the following hold: 

(i) If X and Y are i-balanced, then X (BY is i-balanced. 

(ii) If X is i-balanced, then each direct summand of X is i-balanced. 

Proof. One easily checks that for every direct sum decomposition M = Mi © M2 of an 
^-module M and every sequence j = {jt, ■ ■ ■ , ji) with 1 < js 1^ n for all s, we have 
socj(M) = socj(Mi) socj(M2) and radj(M) = radj(Mi) © radj(M2). This implies both 
(i) and (ii). □ 

We say that the pair {A, i) is balanced, if for each 1 < k < r the 74-module = Vj^^ is 
(ifc, . . . , ii)-balanced. The following lemma follows directly from the definitions: 

Lemma 3.20. Assume that (A, i) is balanced. For 1 < k < r and < s < k we have 

rad(,^,...,n)(^i,fc) = (Vi,fc)r = {Vi,k)t-''^'- = (^i,fc)^'-''^^'+ = soc(,,.,„„i^^,)(yi,fc). 

Lemma 3.21. Assume that {A, i) is balanced. Then the modules Vj^i, . . . , Vj^^ are pairwise 
non-isomorphic. 

Proof. Assume Vj^fc = Vj^^ with k > s. By definition Vj^^ = soc(j^^ jj)(/jj.) and 

= soc(j^^ .^j^)(/ij. Clearly, rad(i^^...^ij)(Fi,s) = 0. Since Vi^k = Vi,s we also get 
rad(j^ jj)(Vi^fc) = 0. But Vi ^ is (ifc, . . . , ii)-balanced. By Lemma 13.201 this implies 
soc(ij^,...,j^_^j)(Vi,fc) = rad(i^^...^i^)(yi,fc) = 0. But we have socs.jVi,fe) = Si^. This implies 
soC(jj,^,,, j^^j)(Vi^fc) 7^ 0, a contradiction. □ 

Proposition 3.22. Assume that {A, i) is balanced. For 1 < k, s < r we have 

HomA(Vfc, Vs) = ei^ { Jk,s+i/ Jk,i) e^,. 

Proof. Recall that 14 = D{ei^{A/ Jk^i)) and Vg = D{ei^{A/ Js^i)). By Lemma r3. 161 we have 
HomA(Ffc, Vs) = YlomA{Vk/{Vk)-,Vs). We have 

{Vk)^ = Js,iVk = D{e^,{A/Jk,s+i)). 

For the second equality we used that Vk is (i^, . . . , ii)-balanced. Note that (Vfc)7 = if 
k < s. We get 

RomA{Vk/{Vk);,Vs) - D{eM/{Vk);)) = D{ei,^{D{eiJA/Jk,i))/D{ei,{A/Jk,s+im ■ 

For the first isomorphism we used Lemma 13.151 Now we first apply Cj^. • and then the 
duality D to the short exact sequence 

^ Jk,s+i/Jk,i A/Jk,i A/Jk^s+i 0, 

and we obtain 

D{e,,{A/.h,i))/D{e,^{A/Jk,s+i)) = D{e,,{Jk,s+i/ Jk,i)). 
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Now D{ei^D{ei^^{Jk,s+i/ Jk,i))) = D{D{ei^{Jk^s+i/ Jk,i)ei,)) = ei^{Jk,s+i/ Jk,i)ei, implies 
RomA{Vk,Vs) = ei^{Jk,s+i/ Jk,i)ei,. □ 

Using Lemma [3. 151 the isomorphism ei^Jk,s+i/ Jk,ie-is ~^ Homyi(Vfc, Vs) can be described 
more precisely: Let eijjci^ G eif_{Jk^s+i/ Jk,i)eis- Then eijyei^ is mapped to the homomor- 
phism Vk — 7> Vs, which maps a linear form ei^{A/ Jk^i) ^ C in D{ei^{A/ J^^i)) to the 
linear form G D{ei^{A/ Js^i)) defined by 

For A- modules X and Y let Ii{X, Y) be the subspace of Homyi(X, Y) consisting of the 
morphisms factoring through a module in add(/i). Define 

B^a{X,Y) := RomA{X,Y)/Ii{X,Y). 

Lemma 3.23. Assume that {A,i) is balanced. Then for each X T>i and 1 < k < r we 
have 

liiX, Vk) = HomA Vk). 

Proof. There is a short exact sequence 

0^X+ ^X ^ X/X+ 0. 

Applying the functor HomA(— , Vfc) we can identify HoniAiX / X^ ,Vk) with a subspace of 
B.omA{X,Vk). Suppose that / : X — )■ is a homomorphism. 

Assume first that f = ho g with g: X ^ I and / € add(/i). It follows from Lemma 13.61 
and Lemma [3 . 1 3 1 that we can assume without loss of generality that g is a, monomorphism. 
By Lemma [3.2( i) we know that g{X'^) C /+. By definition = rad(j^^ and 
soc(jj,^,,,^jj)(Vfc) = Vk. Thus Lemma [3^ iii) implies h{IJ^) = 0. Since (A, i) is balanced, we 
get /" = /+. This shows that f{X^) = 0. In other words, / e HomA(X/X+, V^). So we 
proved that Ii{X, Vk) C HomA(X/X+, 

To show the other inclusion, let / : X — > be a homomorphism with f{X^) = 0. 
Thus there is a factorization f = hi o gi^ where 51 : X — ?• XjX'^ is the projection. Let 
u\: X ^ / be a monomorphism with I € add(Ii), and let U2 : / — > h. jl^ be the projection. 
By Lemma l3.2( ii) we get a monomorphism g^ : X/X^ I/I'^ such that U2OU1 = g2° 9i- 
Now X/X^ and I/Ik A/Jfc,i-modules, Vk is an injective A/J^^i-module, and 52 is a 
monomorphism. Thus there exists a homomorphism 7x3 : I /Ik ~^ ^k such that ^30^/2 = /^i- 
The following commutative diagram illustrates the situation: 



X Vfc 




It follows that 

f = hio gi = U30 g2 gi = U30U20 ui. 

Thus we have proved that IIomyi(X/X^, Vk) ^ 1.{{X, Vk). Note that for the proof of this 
inclusion we did not use the assumption that {A, i) is balanced. □ 
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Proposition 3.24. Assume {A,i) is balanced, and let X € T)\. For I < k < r we have 

Z)H^^(X,Vfc)-e.,(X+/X-). 

Proof. There is a short exact sequence 

V- ^ x^/x- ^ X/X, ^ ^ 0. 

As noted in Lemma [3. 161 we have Homyi(X, V^) = Homyi(X/X^, V^), and by Lemma [3.231 
we know that Ii{X,Vk) = HomA(^/^^, V^)- Note that and X^/X~ are both 

annihilated by Jk^i- Thus they are A/J^ i-modules, and = D{ei^{A/ J^^i)) is an in- 
jective A/Jfc^i-module. Now we apply Hom^(— ,14) to rj and obtain Homyi(X, 14) = 
Hom^(X^/X^, 14). By Lemma 13. 151 we get 

Hom^(X+/X-,li.) = HomA(X+/X-,Z?(e,,(^/Jfc,i))) - Z?(e,, (X+Z^")). 

Thus we have proved that DB.om.A{X, Vk) = ei^iXHX"). □ 

3.6. The quiver of E\. Again, let A = CF/J be a basic algebra, and let us fix some 
sequence i = (i^-, . . . ,ii). Define £i := EndA(Vi)°P. Since we work over an algebraically 
closed field. Lemma 13.211 and a result by Gabriel (see for example |DK|, Theorem 3.5.4 
combined with Theorem 3.6.6]) imply that 8\ is a finite-dimensional basic algebra. We want 
to determine the quiver F^;. of 8{. The vertices of F^. correspond to the indecomposable 
direct summands Vi, . . . ,Vr of Vj. 

Define a quiver Fi as follows: The set of vertices of Fi is just {1, 2, . . . , r}. For each pair 
{k,s) with 1 < s,k < r and k~^ > s^ > k > s and each arrow a: — ?> in the quiver 
F of A, there is an arrow 7a''': s ^ k in F;. These are called the ordinary arrows of F;. 
Furthermore, for each 1 < k < r there is an arrow 'jk - k ^ k~ provided k~ > 0. These 
are the horizontal arrows of F; . 

Proposition 3.25. Assume that (A, i) is balanced. Then there is a quiver isomorphism 
Fi Ff-. with k i-> Vk for all I < k < r . 

Proof. One can almost copy the proof of [BIRSl Theorem IIL4.1]. One only has to replace 
the ideals Ij used in [BIRSj by our ideals Jj. (We have Ij = Jj if and only if F has no 
loop at the vertex j.) Furthermore, everything has to be dualized. □ 

In Proposition 13.251 we identify the vertex of F^-. corresponding to Vk with the vertex k 
of Fi. Some examples can be found in Section [3.101 



3.7. The £^i-module DI{omA{X,Vi). Using Lemma [3.151 together with Propositions 13.22] 
and 13.24] we arrive at the following conclusion: Assume {A, i) is balanced, and let X G Pi. 
Using the identifications 

HomA(Vfc,T4) = ei^{Jk,s+i/Jk,i)ei^, 
HomA(14, Vfc) = ei^{A/ Js,i)ei^, 
Dm^AiX,Vk) = ei,{X+/X~), 
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the algebra fi acts onY:= DHom^(X, Vi) as follows: Assume 1 < s < k < r. 



For eij)ei^ G ei^{Jk,s+i/ JkA)(iis and G Ci^Xf /Xj) = ei^Xf /ei^Xj we have 

and for eijia,^ £ ei^{A/ Js,i)ei^ and Xk £ ej^(X^/X^) = Ci^X^ /ei,^X^ we have 

We consider y as a representation Y = {Y{k),Y{'j))k,'y of the quiver Fi of £i. To describe 
Y, we just need to know how the maps ^(7) act on the vector spaces Y{k) = Cj^. {X^ /Xj^), 
where 1 < k < r. Again using the description of F^. based on |BIRS1 Theorem in.4.1] we 
obtain the following result: First, assume 'jk - k ^ k~ is a horizontal arrow of Fi. Then 
y(7fc) acts as left multiplication with Ci^: 

e^AK/Xk) e,,{X^jX-_) 

Next, let 70'** : s — 7- /c be an ordinary arrow of Fi. Then 1^(70'^) acts as left multiplication 
with a: 

eijX+/X^) e,^{X+/X-) 

Remark 3.26. For X £ Vi the following hold: 

(i) Ti(X, Vi) is a submodule of the Endyi(yi)-module Hom^(X, Vj). This implies 
that DHomyi(X, Vi) is a submodule of the £^i-module -DHomyi(X, Vj). Clearly, 
L>Hom^(X, Vi) is also a module over the algebra Bi := (Endyi(Vi))°P. 

(ii) For X £Vi we have 

RomA{X,Vi) = RomA,{X,Vi). 

Since add(/i) are the injective ^i-modules, we can apply the Auslander-Reiten 
formula to obtain an isomorphism of i?i-modules 

where ta^ denotes the Auslander-Reiten translation of the finite-dimensional alge- 
bra Ai. 

3.8. An isomorphism between partial flag varieties and quiver Grassmannians. 

In this section we prove that the varieties J~i,a,x of partial composition series of modules 
X £ T>i are isomorphic to certain quiver Grassmannians Gi,a,x- In the proof we first 
construct a (rather trivial) isomorphism between partial flag varieties J^i,a,x of graded 
vector spaces and the image Gi,a,x of the usual embedding of J'^i,a,x into a product of 
classical subspace Grassmannians. Then we show that the restriction to the subvarieties 
J^i,a,x ^ J^i,a,x and ^i^a.x ^ Oi,a,x yields an isomorphism Ji,a,x ^ Gi,a,x- 

Let X £ Vi for some i = (v, • • • , ^i)- We define a map di x : W ^ Z"^ by (a^, . . . , oi) 1— )• 
{fi,---,fr), where 

fk ■■= (Ofc - flfc) + (a-_ - Cfc-) + • • • + {a-^,^ - ttk^J 
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for all 1 < k < r, and {a^ , . . . , a-^^ ) := a (X). In the following theorem, if di^xi^) ^ ^^"1 
then Gr^j^^^^(y) is by definition the empty set. 

Theorem 3.27. Assume that {A,i) is balanced, and let X € Vi. Then for each a G N'' 
there exists an isomorphism of algebraic varieties 

-^:-^i,a,x^Grg^(^)(y), 

where Y is the Si-module DlioinA{X,Vi). Furthermore, the map a 1— > di^xi^) yields a 
bisection {a e N'' | J'i^a.x / 0} ^ {f G | Grf'(y) / 0}. 

Our proof of Theorem 13.271 will show that dim ^-. (Y) = d\ x{^^{^))- Furthermore, if 
-7^i,a,x / 0, and X. = (X,. C . . . C Xi C Xq) G T-.^^^x, then fk = dim(ei, (Xfe/X")) for 
ah 1 < /c < r. Note that = if A:+ = r + 1. 

3.9. Proof of Theorem [3371 

3.9.1. Assume that (^, i) is balanced. For the rest of this section, besides i, we also fix 
some a = (a^, . . . , oi) and some X G Pi. With the same notation as in Theorem [323 
we define 

^i,a,x :=Grf(y), 

where f := d\^x{^- 

We consider X as a representation X = (X(j), X(a))jgro,aGri of the quiver V of and 
the fi-module Y is considered as a representation Y = y (7))^^^ of the quiver Fi 

of £i. Given X, = (0 = X^ C • • • C Xi C Xq = X) in -7i,a,x we consider each X^ as a 
subrepresentation of X. Thus we have X^ = (Xfc(j))jgro such that 

X(o)(Xfc(s(a))) C Xfc(t(a)) 

for all arrows a of F. 

Our aim is the construction of two mutually inverse isomorphisms of varieties 

g 

3.9.2. Recall that Fq = {!,..., We need to work with the category of Fo-graded 
vector spaces. Its objects are just tuples W = {W{j))j^Yo of C-vector spaces W{j). Set 
CjW := W{j) for all j G Fq. The morphisms are defined in the obvious way. The degree of 
W is dim fiy) := (dim(VF(j)))jgro- Let ei, . . . , e„ denote the canonical coordinate vectors 
of Z". (Thus the jth entry of Gj is 1, and all other entries are 0.) Each representation 
X = (X(j),X(a))jgro,agri of F yields a Fo-graded vector space gr(X) := (X(j))jgro- 

Let J'\,a,x be the projective variety of chains 

X. = (0 = X, C . . . C Xi C Xo = gr(X)) 

of Fo-graded subspaces of gr(X) such that gr(X^) C Xfc C gr(X^) and dim (Xi._i /X^.) = 
Ofceij. for all 1 < /c < r. 

For a vector space L let Grrf(L) be the projective variety of d-dimensional subspaces of 
L. Clearly, the variety of {fk + dim(eij.X^))-dimensional subspaces of Cj^X such that 
ejj,X^ Q Uk Q ^ik-^k isomorphic to Grj^. (cj^ (X^/X^)). The isomorphism is given by 

Uk ^Uk ■■= Uk/ei^X-. 
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Let ^i,a,x be the projective variety formed by the r-tuples U := (Uk)i<k<r in 

r 

k=l 

such that Uk ^Uj.- for all 1 < /c < r. 
We construct two morphisms 

g 

as follows: First, we define F. Let X, = (0 = X,. C • ■ • C Xi C Xq = gr(X)) be in JS,a,x- 
To each X^ we assign the subspace 

Uu:=e,,[Xk/X-) 

of e,,,(X^/X^). Set U := {Uk)i<k<r- Then -F(X,) := U defines a morphism of varieties 

Second, we define the morphism Q. Let U = {Uk)i<k<r be in ^i,a,x- We define a chain 

X. := (0 = X, C . . . C Xi C Xo = gr(X)) 
of Fo-graded vector spaces as follows: For j £ Fq set X^ := (Xfc(j))jgro; where 

XkU) ■■= Up 

and p := mm{k < s < r,r + 1 \ is = j}- (Here we set Ur+i := 0.) Then Q{U) := X, 
defines a morphism of varieties 

Just using the definitions of J- and G we obtain the following: 

Lemma 3.28. The morphisms J- and G are isomorphisms of algebraic varieties, and we 
have G ° J~ = and T o Q = [dp: 

3.9.3. The following lemma is needed in order to ensure that the quiver Grassmannian 
Gi,a,x is a subvariety of Gi,a,x- 

Lemma 3.29. Let U = {Uk)i<k<r be a submodule of the £\-module Y . Then we have 
Uk ^ Uk- for aUl<k<r. 

Proof Let 7^: A; — )• k~ be a horizontal arrow of Fi. We know that ^(7^) acts on Y as 
follows: 

e^,iX+/X,) e.,(X+ /X- ) 

In other words, Y{-fk)ixk + ej^^X^) = Xk + eii^X~_ for all Xk G Cj^X^. Since U is a. 
submodule of Y, we know that + ei^X~_ is contained in U^- / ei^X~_ for all € Uk- 
This implies Uk S U^- for all Uk S Uk- Thus Uk C U^,-- □ 

Lemma 3.30. The following hold: 

(i) ■Fi,a,x is 0, Zariski closed subset of J-\^s.,x- 
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(ii) Under the identification 

r 

fc=l 

the variety ^i,a,x a Zariski closed subset of Q\ a.x- 

Proof. For X, G J'i,a.,x, the condition that all Xk are submodules is closed. This implies 

(i) . Similarly, for U G Qi^&^x^ the condition that {/ is a subrepresentation is closed. Now 

(ii) follows directly from Lemma l3.29i □ 

We claim that F and Q restrict to isomorphisms F: ^i,a,x — ^ ^i,a,x and Q : Gi,a,x — ^ 
-^i,a,x- Thus, we have to show the following: 

(a) If X. G 7-i,a,x, then^^X.) G e?i,a,x. 

(b) If [/ G gi,a,x, then g(C/) G J-i,a,x. 

Note that (a) and (b) imply Theorem 13. 27[ 

3.9.4. Proof of (a). Let X, = (0 = X,. C • • • C Xi C = X) be in J^i,a,x- Define 
U := {Uk)i<k<r, where Uk ■= ei^{Xk/ X^). Thus F{X,) = U. We have to show that U is 
a subrepresentation of Y. 

For each horizontal arrow 7^ : /c — )• of Fj we have Y('yk){Uk) ^ t^fc-- This holds, 
since X^ C X^- and therefore ei^X^ ^ a^^Xp,-. Next, let 7a'*: s — )■ /c be an ordinary 
arrow of Fi. It follows that k > s. We have 

Xfe C Xfc-i C • • • C Xs+i C Xg. 

By definition of -7i,a,x we have Xt^i/Xt = S^"' for all 1 < t < r. By the definition of Fi 
we know that if ^ ig for all A; > t > s + 1. This implies Ci^Xg = Ci^X^- It follows that 

aXs = aci^Xg = aci^Xk ^ ei^X^. 

(To get the inclusion aei^X^ C Cij^X^ we used our assumption that X^ is an A-module.) 

This implies y(7a'*)(?7s) ^ U^- Thus we proved that U G Qi,a,x- 

3.9.5. Proof of (h). Let C/ = {Uk)i<k<r be a subrepresentation of the £'i-module Y. Thus 
we have Uk = Uk/ci^X^ . Let X, := (?(t/). Recall that 

X. = (0 = X, C . . . C Xi C Xo = gr(X)) 

is defined as follows: For 1 < k < r and j G Fq we have Xfc(j) = Up, where p = min{A; < 
s < r,r + 1 \ is = j}. (We set Ur+i := 0.) Clearly, for all < s < r — 1 we have 
Xg^i C X^, since by Lemma 13.291 we know that Ug+ ^Ug. It remains to show that X^ is 
a subrepresentation of X for all 1 < s < r. 

By induction, we can assume that Xr,...,Xjj+i are subrepresentations of X. So we 
only have to investigate how A acts on the subspace Ug of ei^Xg. Obviously, CjXt = Xt{j) 
for all 1 < t < r and j G Fq. Next, assume that '■ s ^ A; is an ordinary arrow of F;. 
We know that 1^(70''^) acts on U g as follows: For all Ug G Ug we have 

Y{la'l{us + e^,X-) = {aug) + Ci.X^. 

Since by our assumption, [/ is a subrepresentation of Y , we get that {aUg) + ei^X^ is 
contained in U^ = Uk/ei^X^ for all Ug G Ug. Thus on^ G C/^ for all tt^ G Ug. Now 
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it follows from the definition of Xg and Lemma 13.291 that C/fc C ei^Xg = Xs{ik)- Thus 
Xg is a subrepresentation of X. It follows that X, € -7^i,a,x- This finishes the proof of 
Theorem [3271 



3.10. Examples. 



3.10.1. Let r be the quiver with just one vertex 1 and arrows a and h. Set A := CF/J, 
where J is generated by {ab, ba}. For i = (24, . . . = (1, 1, 1, 1) the modules Vk = Vi^k 
look as follows: 



V, = 1 



Vo 



1 1 
1 



V3= 1^1 



1 1 

1 



Obviously, Vk is (i^, . . . , ii)-balanced. The quiver Fj of looks as follows: 




Let X be the A-module 



(Here {5i, . . . , 64} is a basis of X, and the arrows show how the generators a and b A 
act on this basis.) As a representation of F, we have X = {C^ , X (a) , X (b)) , where 



X{a) 



/O 1 o\ 





\o oy 



and X{b) 



/O o\ 



10 

\o 1 oy 



In the following we just write (• • •) instead of Spanj;(- • •). The chains X^ and X, look as 
follows: 

Xt = (0 C (61,64) <Z (61,63,64) ^ (61,62,63,64) C (61,62,63,64)), 
= (0 C C (64) C (61,63,64) C (61,62,63,64)). 



As a representation of Fi, the £'i-module Y = Z)Hom^(X, Vi) looks as follows: 

(H) 
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More precisely, the four vector spaces in the above quiver representation are (from left to 
right) 

= ei{X^ /X^) = (61,64) with basis (61,64), 

= 61(^2+ 7X2") = (61, 63, 64)7(64) with basis (6^,^. 

C = ei{X^ /X{) = (61,62,63,64)7(61,63,64) with basis (62). 

(Here 6j denotes the corresponding residue class of 6j.) One easily checks that the elements 
in -^1,(1, 1,1, are 

fx := (0 C (64) C (61 + A63, 64) C (61, 63, 64) C X), 
foo := (0 C (64) C (63,64) C (61,63,64) C X), 

gx := (0 C (61 + A64) C (61,64) C (61,63,64) C X) 
where A G C. It follows that the Euler characteristic of -7^i,(i,i,i,i),x is 3. In this example, 
the isomorphism /i,(i,i,i,i),jjc Gr^^ ^ ^ o)0^) ^om Theorem 13.271 looks as follows: 

/a^(0, (64),(6r + A6;),0), 
/oo^(0, (64), (6;^), 0), 
gx^iO, {bi + Xbi),{h),0). 

3.10.2. Springer fibres. Let T be the quiver with just one vertex 1 and one arrow a. Set 
A := CT/J, where J is generated by a"^ for some m > 2. Let i = (im, • • • , «2, ^1) = 
(!,...,!, 1). For 1 < k < m the module Vk = Vi^k is uniserial of length k, and Vk is 
{ik, ■ ■ ■ , n)-balanced. We have add(Vi) = nil(A) = mod(A). The quiver Fi of £i looks as 
follows: 



7m 74 73 72 




Let A = (Af, . . . , Ai) be a partition of m, i.e. the Xj are integers such that A^ > • • • > Ai > 1 
and At + • • • + Ai = m. Define Vx ■= Vx^ © • • • © Vxj ■ This yields a bijection between the 
set of partitions of m and the set of isomorphism classes of m-dimensional ^-modules. 
For a := (a^, ■ ■ ■ ,0,2, ai) := (1, . . . , 1, 1) the varieties Tx '■= ^i,a,Vx are just the classical 
Springer fibres of Dynkin type A^.i. 

For example, let m = 7 and A = (3,2,2). Then Vx = F3 © ^"2 © V2. Set Y := 
D'm^AiVx,Vi). By Theorem [323 we get Tx = Grf{Y), where f = {fi,...Jj) = 
(2,4,4,3,2,1,0) and dim^-. (y) = (/ii, . . . , /ly) = (3,6,7,7,6,3,0). It is an easy exercise 
to write Y explicitly as a representation of F;. 

3.10.3. Balanced modules over preprojective algebras. Let A be the preprojective algebra 
associated to a finite connected acyclic quiver Q. Recall that A = CQ/{c), where Q is 
the double quiver obtained by adding to each arrow a: i ^ j in Q an arrow a* : j — > i 
pointing in the opposite direction, and (c) is the ideal generated by the element 

c = {a*a — 00*). 

aeQi 

Let i = (ir, . . . , ii) be a reduced expression for some element w of the Weyl group W of 
Q. In this situation, the module Vj defined in Section [3.41 coincides with the cluster-tilting 
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module Vj of mentioned in Section 11.21 (see |GLS5j ) . The following result is then a 
direct consequence of |GLS51 Proposition 9.6]. 

Theorem 3.31. (A, i) is balanced. 

Let (— ,— ) denote the usual VF-invariant bilinear form on f)*, the dual of the Cartan 
subalgebra of the symmetric Kac- Moody Lie algebra g associated to Q. For i £ Qo let 
and TUi be the corresponding simple root and fundamental weight, respectively. By [GLS51 
Proposition 9.6], for Vfc = Vi^k we have 



(3.1) a-(yfc) 




Si^{wi^),ai^) iil <l<k, 
otherwise. 



4. Categorification of the Chamber Ansatz 



In this section we prove Theorems [H [2] and [3l The proofs of Theorems [T] and [2] follow 
rather easily from Theorem 13.271 As a main ingredient for the proof of Theorem [3] we 
describe the twisted (/^-functions (^y. ^ in Proposition 14.41 These can be seen as module- 
theoretic versions of the twisted generalized minors introduced by Berenstein and Zelevin- 
sky |BZj (in the Dynkin case). 

4.1. Proof of Theorems [1] and [2l We know from Theorem 13.311 that (A, i) is balanced. 
Let X Cw, and let 

£ := £i := EndA(yi)°P and £ := £^ := Endr ^ (^1)°^. 

As before, let Wi := 1^ © ^wiVi). 

Recall that a cluster-tilting module T £ is called V\-reachahle if one can obtain T 
via a finite sequence of mutations starting with the initial cluster-tilting module Vj. By 
|GLS51 Proposition 13.4], the module W\ is Vi-reachable. 

Since is a triangulated category with shift functor f^^^, we get an ^-module isomor- 
phism 

l'h^a(a:, Vi) ^ DExti(A:, nyj{Vi)). 

The module 1^ is Cu,-projective-injective, thus Ext\(X, ili„(yi)) = 'EiyX\{X ,W{) . The 
category is a 2-Calabi-Yau category, see |BIRS1 Proposition III. 2. 3] and also |GLS4j 
for a special case. Thus there is an ^-module isomorphism DEyi.t\{X, Wi) ^ Ext\(P^i, X). 
Combining these isomorphisms, we have an ^-module isomorphism 

Dm^!^{X,Vi) ^ ExtA(W"i,A:). 

We can regard Dl:iom.f^{X, V\) and Ext]\^(iyi, X) as modules over £ and EndA(VFi)°'', which 
are annihilated by the ideals T\{yi, V\) and Z\{W\, W\), respectively. Since : C^, — > 
is an equivalence, we have an isomorphism of stable endomorphism algebras 

^ = EndcjT^i)°P. 

Recall that W\ is a cluster-tilting module in C„,. In particular, we have Extj\^(Wi, X) = 
for some X £ ii and only if X G add(Wi). 

By Theorem 13.271 the varieties -7^i,a,x and Gr^. ^^.^^^(y) are isomorphic for all a € N'', 
where Y := D^om.p^{X, VI). Furthermore, the map a 1— > d{^x{^ yields a bijection 
{a € N^' 1 J-i.a.x / 0} ^ := {f G | Grf {Y) / 0} . 
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(If Grf (y) ^ 0, then fk = for all k e R max) where -Rmax is defined as in Section II. 4[ 
Thus we can identify Grf (y) and Gr§(y), where d := {fk )keR-- Being a bit sloppy, 
we often just write Gr^(y) instead of Gr^(y).) Clearly, hi contains always the elements 
f = dim(y) and the 0-dimension vector f = (0, ... ,0). (In both cases, Gr^ (y) is a single 
point.) Thus there is a unique a € N*" with ^i,a,Jf ^ if and only if y = 0. This finishes 
the proof of Theorems [T] and [2J 

4.2. Example. Let Q be a quiver with underlying graph 1 2 3 4 and let i := 

(iio, ■ ■ ■ ih) '■= (1, 3, 2, 4, 1, 3, 2, 4, 1, 3), which is a reduced expression of the longest element 
in the Weyl group Wq. It follows that = nil(A) = mod(A). Let Vi = Fi • • • Vio 
and Wi = Iw (B O^(Vi) = Wi • • • W^io- We first display the indecomposable direct 
summands which are not C^-projective-injective: 

Vi=3 V2=l V3=^^ Vi=\^ ^5=^34 Vq= ^2^ 

Wi= 1^3^ W2 = ^ 3 VF3 = 1 % 1^4 = 1 ^ 33 ^ W5 = 1 % Wq= 3 ^ 
2 4 2 24 24 2 

Finally, the indecomposable C^-projective-injectives look as follows: 

V-r = W7='\ = VTg = 1 2 3 4 Vg = Wg=^l\ V^o = Wio = 2 ' ^ 

4 2 3 1 

Using our language of (/^-functions, the functions Za and Tj appearing in |BFZt Exam- 
ple 3.2.2] can be written as follows: 

Zi = ifv^ Z2 = ifVg Zs = Lpvs -^4 = y'Fio 

T2 = fW2 ^4 = fWe ^124 = fWi Ti2A5 = fWs ^245 = fWs ^24 = fW4 

and the equality T24 = A^'^'^^{x)A'^^{x) - A'^'^'^^{x)A^^{x) translates to ifw4 = fW2V^x - 
^W7^Y where 

4 4 
X := 1 3 and Y := 3 . 
2 2 

4.3. Proof of Theorem [3l As before, let i = (v, • • • , *2i ^1) be a reduced expression of 
w. Define j := (v, . . . ,12)- (This is a reduced expression of v := wsi-^.) By Theorem 13.311 
we have 

This yields the following result: 

Lemma 4.1. If P is Cw-projective-injective, i/ien rad^-^ (P) is Cv-projective-injective. 
Corollary 4.2. If X e C^, then rads^^ (X) e C^. 

Proof. There is an epimorphism P ^ X, where P is C^j-projective-injective. This yields 
an epimorphism radg.^ (P) radg.^ (-^); see Lemma l3.2r ii). Now apply Lemma l4.ll □ 

For 1 < k < r with k~^ ^ r + 1 we have a short exact sequence 

in Cu,. The module Si^ is a direct summand of the rigid module Vj. Thus applying 
HomA(— jSjJ to T] yields 

tops,^ iWi,k) e tops^^ (Vi^k) = tops,^ {PiVi,k)). 



GENERIC BASES FOR CLUSTER ALGEBRAS AND THE CHAMBER ANSATZ 27 

Thus by restriction we obtain a short exact sequence 

^ rads,^ {Wi,k) ^ rad5,^ {P{Vi,k)) ^ rads,^ (14,fe) ^ 0. 
By Lemma WA\ the module rads, {P{y\,k)) is Ct,-projective-injective, and by Corollary 14.21 
we know that rad^.^ (^i,fc) G Cy. Since 

rad5,^(Vi,fc) = yj,fc-i, 

we get rad^.^ {Wi,k) = -P © for some C„-projective-injective module P. (Here we 

just use the basic properties of the syzygy functor 17^, see [H].) Thus we have proved the 
following: 

Lemma 4.3. If we apply rad5.^(— ) to r], we get a short exact sequence 

^ P © VFj,fc_i ^ P © P(l^j,fc_i) ^ Vj,k-i ^ 
where P is Cv-projective-injective. 

For 1 < I < k < r define 

bi{l,k) := -{si^Si^^^ - ■ ■ Si^{wi^),ai^). 
(For I > kwe define b{l, k) := 0.) Note that if / > 1, then 6i(/, k) =bj{l-l,k- 1). 
Proposition 4.4. For 1 < k < r we have 



Proof. Let l<A;<r. IfA;"'"=r + l, then the statement follows directly from [GLS51 
Proposition 9.6]. Thus assume k^ < r. By induction we get 

1=2 1=2 

Now Lemma [4.3l together with Theorems [2] and |GLS51 Proposition 9.6] yield the result. □ 

The following statement is a direct consequence by Proposition 14. 4[ 
Corollary 4.5. For 1 < k < r we have 

a+(P^i,fc) - a+(P(yi,fc)) = -^~{Vi,k) = -(0, . . . , 0, hik, k),..., bi{2, k),bi{l, k)). 

Now we can finish the proof of Theorem [31 For 1 < A; < r we have to show that 
tk = C'i,fc(xi(t)), where 

Ci,k ■■= — I I ( 

^Vi,k^Vi,k-(,^) j=l 

and k^{j) := max{0, l<s<k — l\is= j}. We know from Proposition 14.41 that 

(4.1) <^'^^,xxi(t)) = ntr''^''^- 

1=1 

We insert (jl.ip in the right-hand side of equation (|4.1|) and obtain 



1=1 
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To prove Theorem [31 we need to show that for all 1 < k < r we have 

(4.2) v^k.=n^i^^''^- 

1=1 

This is done in exactly the same way as in |BZl Section 4]. Namely, one first shows that 
the exponent of ^ on the right-hand side of equation (j4.2p is equal to b{k, k) = 1. Then 
one shows that for 1 < s < A; the exponent of '^'y, on the right-hand side of (|4.2p is equal 
to 

C{s) ■.= h{s,k) +h{s'^ ,k) - ^ q{im,is)bim,k). 

s+>m>s 

A straightforward calculation shows that C(s) = for all 1 < s < A:. Finally, by |GLS51 
Corollary 15.7] we know that a function ipx G C[A^] with X C^j is already uniquely 
determined by its values on Im(xj). This finishes the proof of Theorem [3l 

Remark 4.6. Recall that the module Wi is Vj-reachable. This shows that {^pwi i, ■ ■ ■ , ^w-, 
is a cluster of the cluster structure on C[A/'"'] defined by the initial seed {{(pvi i, ■ ■ ■ , Wi r)' -'^i)- 
By Theorem [3l the cluster {ipw^ ■ ■ ■ ,^Wi r) gives a total positivity criterion for A^"' in 
the sense of [BFZl IBZj . Therefore, every Vj-reachable cluster-tilting module of also 
provides a total positivity criterion. 

4.4. Example. Let Q be a quiver with underlying graph 1 2 3 and let i : = 

(zg, . . . := (1, 2, 1, 3, 2, 1), which is a reduced expression of the longest element in the 
Weyl group Wq. It follows that C^^, = nil(A) = mod(A). The modules Vi = • • • © 
and Wi = Wi © • • • We look as follows: 

Vi= I V2=\ ^3=^2^ 14 = 1 2 ^5=^3 Vq= y 

Wi = 2 3 W2 = 3 W3 = ^3 W4 = 2 ^ W5 = 14, We = 

Besides the modules Vt and Wt there are only three other indecomposable A-modules: 
1^1 = S ^ ^2 = 2 L4 = ^ 2 ^ 

(The reason for naming the third module L4 and not L3 will become clear in Section [8.61 ) 
Here we used the same conventions for displaying A-modules as explained in |GLS5j . The 
(/^-functions of the indecomposable A-modules are the following: 





= te + ^4 + 




= ^3*2 


ipV2{Xi{t)) 


= t^t/^ + t^ti + t2tl 


W2fe(t)) 


= h 


V'VafeCt)) 


= ^3*2*1 


W4fe(t)) 


= ^5*3 




= te^s + teh + 1^12 


</'Li(^i(t)) 


= t5*4*3 + ^5*3*1 




= t^t/itj,t2 


</'L2fe(t)) 


= h+t2 




= ^6*5*3 


</JL4(^i(t)) 


= ^6*3*2 + ^4*3*2 



The modules PiVk) are the following: 



P(Vi) = Fa P{V2) = V3 P{V^) = 



P{Vi) = V5 Pm = V5 PiVe) = Ve 
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Thus, we obtain the twisted minors ^p'y^ = 'Pn^{Vk)'Pplvk)' 



Ht2tl rV2Wlv.. ^^^^^^ rV3WIv 



Finally, we compute the maps Ci^^: 

'^i.l = J- ^,2 = ^ • (/Jy, a,3 = • ^'v^ 

^Vi ^V2 ^Vs 

Ci,4 = — ■ f'vi C'i,5 = — — ■ ip'v^^p'v Cifi = — — ■ ify 

^V,^V, ^Vs^V2 ^v,^v. 



5. Monomials of twisted minors 

As defined before, let F := Vi = ¥l © • • • © V; and W := Wi = Wi ® ■ ■ ■ ® Wr- 
For a cluster-tilting module T in and any X £ Cw, we consider Yiom.\{T,X) as a 
module over £t '■= EndA(T')°P. The Ext-group Ext]^(r, X) is a module over £t and over 
£rp := End^^(r)°P. By dim Ext\(r, X) we mean the dimension vector of Extj^(T, X) as 
an £'2--module. 

From now on, for the reduced expression i = we assume without loss of 

generality that for each 1 < j < n there is some k with = j- We can also assume that 
for at least one such j there are indices k ^ s with ik = is = j- (Otherwise all direct 
summands of T are Ct„-projective-injective, i.e. i?_ = 0.) 



5.1. Apart from the definitions for Theorem U] the following will be useful: 

f'k ■= 'PVk = 'fin^{Vk)'Pplvk) keR, in particular, 

(pi = Lp~[^ for / € R-a 



•■max 5 



0'k--= Wi^'if^''^ for keR., 

y.r--= WykY' forg=(5i,...,5r)GZ^ 



keR- 



Recall from |GLS51 Proposition 9.1] that the functions (pv^. can be seen as generalized 
minors. The functions py are the twisted generalized minors. The following proposition 
describes some special monomials in the functions ip'y^. These results play a crucial role 
in the proof of Theorem |4l 

Proposition 5.1. For t = {tr, . . . ,ti) £ (C*)*" and k € R^ we have 

(5.1) ^wM^Hii^)) = <^fe(a(t)) = tfc+tfc'- 
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Moreover, for X ^ we have 

(5.2) t-(^) = ^Jf^«°'"'^(^'^))-^'"'fe(t)) 

(5.3) = ((^;)(di^^lExti(y,x)-dimHomA(y,x))■i?(^)(^^_(^^^^)^ 

Remark 5.2. It seems to be in general quite cumbersome to calculate the ingredients 
a~{Wk) = aL^{Wk) and B^^^ of equation (j5.2p . In contrast, by Corollary 14.51 we haye 

Similarly, B^^^ = (dimHomA(Vfc, Vj)i<fc^/<,.)~* can be determined by our results in |GLS5j . 
Moreover, the dimension vector dim HomA (V,X) depends linearly on the multiplicities in 
the add(Mi)-filtration of X, so that equation (j5.3p appears to be much more convenient 
for practical purposes, see |GLS51 Section 11]. 

The rest of this section is dedicated to the proof of Proposition 15.11 

5.2. Proof of Equation (j5.ip . For k € i?- we have by definition (see equation (jl.ip ) 



k+>{k+)-{j)>k k>{k+)-{j) 



k+>{k-{j))+>k {k~(j))+>k+ 



For (/c, j) € R- X Qq we have k > (/c"*") (j) if and only if (k (j))^ > k^, and in this case 
{k+)-ij) = k-ij). Thus 

n (^W)-o-))'^"'^'^ = n i^'k-u))"''-"'- 

k>{k+rij) (k-{j))+>k+ 

Using Theorem [3] we conclude that 

h^tk' = (Q,.+q'.')(^i(t)) 



"Pk- i^k 



v 



k+) n ^'^'{k+)-(j)> 

j&Qo j&Qo 
{ik+)- {j))+>k+>{k+)- ij)>k k+>{k-{j))+>k>k-{j) 



-q{ik,j) 



(xi(t)) 



= ^U^i(t)) 

where the last equality follows from the description of the quiver of EndA(l^)°'' in Sec- 
tion 13.61 and the definition of (^^ . This shows the second equality of equation (|5.ip . 
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For the first equality of (|5.1|) we compare mutations of V and W in direction k. Thus, 
for k G R- we consider the short exact sequences 



^ Vk ^ © ''^ ^ ^ and ^ ^ ©f/^''^ ^ V, ^ 
i&R leR 



as well as similar sequences for W. Since the stable endomorphism rings of V and W are 
isomorphic, we have bI^i^ = B^^^ for ah k,l e R^. Thus, if we write 



we obtain by the Snake Lemma two commutative diagrams with exact rows and columns: 



^Wk 



^Vk 



— - P{Vk) — - p(yf )) e ) e — - P(y,0 — - o 
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W 



(k) 



Q 



■ P{Vk) 







(fc) 



p_ 



(k) 







Vk 







Since in both diagrams the end term of the respective middle row is projective, both of 
them spht, i.e. 



It follows that 



qW ^ p^y,-^ ^ p^y^^ ^ p^y 



P 



(k) 



Q 



(k) 



(5.4) 

On t: 
definitions, 



(fe) = V'p(y(fc))V'p(fc) I ¥'p(y-_(fc))9'p|'=) 



On the other hand, since B^j^ = for k, I € we can write, with the above 



'^k = and ipw,k = Vvi/fe 



Thus ip'f^ = ipw,k by equation ([5 



5.3. Proof of Equation ()5.2p . Since is a cluster-tilting module, for each X G Ct^, we 
have a short exact sequence 

keR keR 

for certain g' = {g[, . . . , (7',) G N*" and g" = ((7'/, . . . ,g") G N''. Note, that we can assume 
g'^ = for k G i?max since Wk is C^-projective-injective in this case. Write W" resp. W' 
for the first two terms of this sequence. Since W is rigid, the sequence remains exact under 
HomA(H^, — )• We conclude that 

(dimHomA(W,X)) • B^^^ = g' - g". 

We know from Theorem [2] that there is a matrix A G N^^^' such that for 1 < A; < r we 
have 



I 



1=1 



By Theorem [H the modules W resp. W" have a unique partial composition series 
(W)- resp. Wi' = {W")- of type i with 

a' := wt{Wi) = g' -A resp. a" := wt(Ty;) = g" ■ A. 
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It follows that Wj! = W" n IV^ for 1 < /fc < r. With Xk := p{W'^.) we obtain for ah keR 
a commutative diagram with exact rows 



(5.5) 



















and the vertical maps being the natural inclusions. By the Snake Lemma we obtain a 
short exact sequence 

^ 5< ^ ^ Xk/Xk-i ^ 



and conclude that Xk/Xk-i = S°^l^ ^ . Thus, X, is a partial composition series of type 
i for X with wt(X,) = (g' — g") • A. Applying HomA(— , Sj^,) to the bottom row of the 
above diagram shows that top5. {Xk) = for all k G R, since = {W')~. This shows 
that X, is the refined top series of type i of X. All together we now have 



(dim HomA (W,X))-B^'^^ 



fe(t)) = V^r^"fe(t)) = t(^'-^")^ = t-(^-) = t-(^), 



which is our claim. 



5.4. Proof of Equation (15. 3p . For a C^u-projective-injective module X € the claim 
is clear by the definition of (p'j^ for k € -Rmax- So we can assume that X has no non-zero 
Ct^j-projective-injective summands. Then we have a short exact sequence 

^ X ^ p{^~\x)) ^ a-^^) ^ 

in Cw with Q.~^{X) having no non-zero C^-projective-injective summands. Now we apply 
HomA(V^, — ) and obtain 

dim HomA fy,^;;VA:)l- dim HomA = dim Ext\f y, X) - dim HomA {V. X) . 

Thus, we have to show that 



(5.6) {^'.) 



(dim HoiiiA (V.n-}(X))~Aira HoniA (V^PiO.-} (X)))yB'^^'> _ (dim HomA (ly.X))-^^^) 

— Vw 



Using that VL^^ is an autoequivalence of the stable category we obtain again by the 
Snake Lemma a commutative diagram with exact rows and columns: 







W" 







W ®P- 







X 



— - P(o-i(VF")) — - P{^^\w')) e p e Q — - P{^;,\x)) — ^ o 



n;,\w')®Q' 
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where W' and W" have no non-zero C^-projective-injective summands, P is Ci„-projective- 
injective, and W' © P = € add(VF). Similarly, we have Q~^{W') without non-zero 
Ciu-projective-injective summands, Q is C^-projective-injective, and 

n-\w')(BQ = vy^^^es.dd{v). 

From this it is already clear that the components corresponding to i?_ of the three vectors 
(dimHomA(VF,X)) ■ B^^\ 
(dimHomA(F,17-i(X)))-B(^), 

(dimHomA(F,17-^(X)) - dimHomA(T/,P(!^-^(X)))) • 

coincide. Since P{Q,~^{X)) is C^-projective-injective, the middle row of our diagram splits. 
Thus we have 

p{n-\x)) © P{n-Hw")) - Pin-\w')) © p © q. 

Finally, from the above diagram we conclude that 

(dimHomA(H/,X))-_B(^' _i 

='Pw'fw"'^P 

and 

(^^p' ^ (dim HomA(K^,';;^('X)')-dim Uom^(V.P(n;;^(X))))-B'-^'> 

_ <Pw' "^Pin-'iW")) '^P{c-i(x)) 



Thus (j5.6p follows from the above isomorphism of C^-projective-injectives. 



6. Cluster character identities 



6.1. Quivers with potential and mutations. We review some material from |DWZ21 
Section 4], which in turn is a review of [DWZlj . Let V{T,W) := C{{T))/J{W) be the 
Jacobian algebra associated to a quiver F = (ro,Fi,s,i) and a potential W € nicyc C 
C((F)). For A; G Fo we set 

F(-''=) := {6 G Fi I s{b) = k}, 
F(^'+) := {o G Fi I t{a) = k}, 

r(2,fc) .- r(-.fc) X f('''+^ 

For a reduced quiver potential (F, W) and F without 2-cycles at the vertex A; G Fq let 
IJ,k{T,W) be the mutation of (F,VF) in direction k, as defined in [DWZlj . For conve- 
nience, we briefly recall the construction. First, a possibly non-reduced quiver potential 
/ifc(F, W) := (F, W) is deflned as follows: The quiver F is obtained from F by inserting for 
each pair of arrows {b,a) G F^^'^^ a new arrow [ba] from s{a) to t(b) and replacing each 
arrow c with s(c) = k oi t{c) = k hy a new arrow c* in the opposite direction. Then 
W := [W] + A, where 

A := - [ba]a*b* 

(6,a)Gr(2.fe) 

and [W] is obtained by substituting each occurrence of a path ba with (b, a) G F^^^'^'^ by 
the arrow [ba] (after some rotation, if necessary). Our deflnition of A deviates from the 
original one by a sign. However the resulting quiver potential is right equivalent to the 
original one and more convenient for our purpose. Finally, //fc(F,VF) is by deflnition the 
reduced part of (F, W). 
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For a representation M of ViT, W) and /c € Ti we need the following notation: 
M+{k):= M(s(a)), 

M~{k):= Mm), 
ber(-''=) 

M{ak) := (M(a)),gr(..+) : M+(A:) ^ Af(A:), 
M(/3fc) := (M(6)),gp(-,.) : M(A;) ^ M-(A;), 
M(7fc) := (M(9b,„Ty))(,^„)gr(2..) : M-(fc) ^ M+(fc). 

For an indecomposable representation M of 7'(r,l^), which is not the simple represen- 
tation Sk, the "premutation" /ifc(M) := M is a representation of V(T,W) which can be 
described as follows [DWZlj : 

• M{j) := M{j) for all j G Fq \ {k] and M(a) := M{a) for all arrows a G Fi n Fi. 

• M{[ha]) := M{h)M{a) for all pairs of arrows (6, a) G F^^''^'). 

• It remains to define the maps 

M(afc): M+(A;) ^ M(A:), 

M(/3fc): M(A;) ^ M-(A;) 

where M+(fc) := M-(A;) and M-(/fc) := M+(fc). 

Remark 6.1. is an elementary exercise to verify that M is up to isomorphism uniquely 
determined by the following properties of those maps: 



(6.1) Ker(M(afc)) = Im(M(/3fc)), 

(6.2) Im(M(/3fc)) = Ker(M(afc)), 

(6.3) Ker(M(/3fc)) C Im(M(afc)), 

(6.4) M(/3fc)M(afc) = M(7,.). 



^ concrete choice of a triple (M (k) , M (ok) , M {(3^)) with properties (I6.ip - (l6.4p can 6e 
/ownd in |DWZ2l p. 765]. 

Next, we need to extract some material from [BIRSmj . Let T = Ti • • • © be a Vi- 
reachable cluster-tilting module in C^. We consider the quiver Tt of the endomorphism 
algebra £t '■= EndA(T')°P and the quiver F^^ of the corresponding stable endomorphism 
algebra ■= End^ ^ (T)°p. 

We have (Fx')o = R = {1, 2, . . . , r} with the vertex i corresponding to the direct sum- 
mand Tj of T. We identify Tj, with the full subquiver of Fy with vertices i?_ corresponding 
to the non-CtL,-projective-injective indecomposable direct summands of T. Thus we get a 
surjective algebra homomorphism 

such that ^p{c) G Hom^ ^ (Tf(r),T,(^r)) for all c G {Trp)i. 

We fix some k G R-. Then there are short exact sequences 

(6.5) O^Tfc^ T,(„)^r^^O 
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and 

J-t(b) 

.(-,fe) 



(6.6) 0^U% Ti(,)^r,^0 



such that fJ-kiT) := ®T/Tk is also a basic cluster-tilting module in C^. It is convenient 
to label the components of the above maps as follows: 

Q-k = («a,fc)agr^*^'+)' /5fc = (/^fc,a)agr^fe.+)) 

«fe = («b,fc)f,er^-'*)' h = (/5fc,fe)f,gp^-,fe)- 
Lemma 6.2. H^ii/i t/ie above notation the following hold: 

(a) One can choose ip such that Ker('0) = J{Wt) for some potential Wt G iTicyc C 
C{{r_rp)) and 

ipia) = aa± G Homc^ (T^.., Ts(„)) for all a G r^^'"^\ 
m = h,b G Homcjri(,),rfc) for all b G T^T''^), 
il^{db,aW) = ab,fc/3fc_a /or a// (6, a) G T^^'''^ 

(b) We have a surjective algebra homomorphism 

such that 

V''(a*) = Pla e ^Smc^{Ts{a)X) for all a G r?='+\ 

V^'lfe*) = <fc G HomcjT/., ri(,)) for all b G r^T''^), 

ip'{[ba]) = aa,k/3k,b for all (6, a) G T^^'''^ 

V^'(c)=V(c) /or aZ/cG (1^)1 n(rr)i. 

Moreover, KeT{ip') = J{Wt)- 

Proof. By applying recursively [BIRSml Theorem 5.3] it follows from [BIRSml Theo- 
rem 6.6] and [BIRSml Theorem 4.6] that we can find a liftable (in the sense of [BIRSml 
5.1]) isomorphism 

Thus, by [BIRSml Lemma 5.7] the conditions (O)-(IV) described in [BIRSml Section 5.2] 
hold for our -0. This shows (a). Part (b) follows from [BIRSml Theorem 5.6] and the 
construction of -0' (denoted by in jBIRSmj ) . see also [BIRSml Theorem 4.5]. □ 

We now consider the following special case of the above: For an indecomposable module 
X G C„, \ add(r © T^) we consider the indecomposable S^p-module E->ct\{T, X) via -0 as 
a representation M of 'P(ry,Wr). Similarly, we consider Ex.t\{fik{T) , X) via as a 
representation M' of 'P(r^, VFt)- 

Proposition 6.3. With the above notation, the representations M' and fik{M) of the 
Jacobian algebra 'P{T_rp,WT) are isomorphic. Thus, we can consider the £_^^^rpymodule 
Ext\(//fc(r), X) as the mutation of the £rp-module Ext\(r, X) in direction k. 
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Proof. Note that M{ak) = Ext\{ak,X) and M{f3k) = Ex.t\{f3k,X) by the first two equa- 
tions in Lemma I6.2r a). Similarly, by Lemma 16.2( b) we have M'(afe) = Ex.t\{a'^, X), 
M'{(5k) = Exti(/3[,,X), and M'{k) = Extjv(r^,X). According to Remark O it is suffi- 
cient to verify (|6.1|) ~ (|6.4p for this data. Indeed, (j6.ip resp. (j6.2p follows since E-x.i\{—,X) 
is exact at the middle term of the short exact sequences (|6.5p resp. (|6.6p . Next, (|6.3p is 
clear, since Eyii\{^k{T) , X) is an indecomposable ^^^(j.) -module. Finally, 

M'(/3fc) o M'(afc) = Exti(4/5^,X) = Exti{i^{d,^JV)^^^^^^^,,,),X) = M'{jk) 

by the last equation in Lemma l6.2f a). Thus also (|6.4p holds. □ 

6.2. Transformation of g-vectors and F-polynomials. We fix a Vi-reachable cluster- 
tilting module T inCw, and define for any X £ the (extended) index of X with respect 
to T as 

(6.7) := (dimHomA(r,X)) • ^^^^ G 
and the F-polynomial of X with respect to T as 

Fl((yO/Gi?,J := E x{G4-{Ext\{T,X)))y^. 
deM^- 

Moreover, we will need the h-vector of X with respect to T 

^ ■= {hk)keR- where /ifc := - dimHom^^(5fc, ExtA(r, X)). 

Fix k € and write T' := /^^(T) = ^/T^ for the cluster-tilting module obtained 
from T by mutation in direction k. Thus we have short exact sequences: 

(6.8) ^ Tfc ^ t/ ^ T^, ^ and ^ ^ t/ ^+ ^ ^ 0. 

leR l£R 



Let us recall the following observation from |FK1 Section 3]: We have a short exact 
sequence 

0^ ®t~''^'^®t;''^^x^o 

k&R- keR 

such that TTx is a minimal right add(r)-approximation for certain non-positive integers 
hk and /i^. It will be convenient to define hi := for / € i?max- From this we obtain the 
exact sequences 

(6.9) ^ HomA T, T"^*^ ^ HomA ( T, r^7''''= J ^ HomA(r, X) ^ 

\ fcG-R- / V keR J 

which can be viewed as a projective resolution of HomA(r, X) over EndA(T')°P, and 

(6.10) ^ Exti(r,X) ^ Exti T, I ^ Exti T, J^-^Tl.)-'^'^ 

\ fcG-R- / \ keR^ 

which is a minimal injective copresentation of M := ExtA(r, X) over the stable endomor- 
phism ring £_j,. Thus, it follows from (j6.9p that 

Sx = {gk)l<k<r = [hk — h'k)l<k<r- 

In particular, gk > for all k G -Rmax- On the other hand, we conclude from (I6.10p that 
^fc = ^fc := — dimHom^ (5fc, M) and /i^ = — dim Ext^; {Sk,M) 
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for k £ R_. 

We have the following easy application of deep results in [BIRSmj and |DWZ2j : 
Lemma 6.4. Let 

Sx = {9k)k£R, = {hi)i^R_, F = Fx, 

E^ = {gk)keR, h§; = ih'i)leR., F' = F^'. 

Moreover, let B = (fi; „;)z,meR- ; and let {B' ,{y[)i^R_^) he obtained frova {B ,{yi)i(zR_) by 
Y-seed mutation in direction k in Qsf{{yi)ieR-)- Then for M := FiX.t\{T, X) and k € 
we get 

(6.11) /i';. = — dimExt£-(5fc, M) and therefore gk = hk — h'j^. 
Moreover, for k G R- we have 

(6.12) im + i)'"'F{im)ieRj = {y'k + i)''^i^'((y0^eRj 

and for I £ R we have 

' gi - hkBjf + gk[Bll^]+ tfl^k, 
-9k ifl = k. 



•13) g[ 



Remark 6.5. Observe that (I633D is just jDWZ2[ (2.11)] (proved in jDWZ2l Lemma 5.2]; 
extended to our situation with coefficients. Our independent proof for this situation is 
quite different. 



Proof. We know from jBIRSml Theorems 5.3 and 6.4] that the stable endomorphism 
algebra £_rp is given by a quiver with potential, and ^j"' obtained from £_rp by a mu- 
tation of quiver potentials in direction k. Then by Proposition 16.31 the ^/p/-module 
M' := Ext\(T',X) is obtained from the ^-^-module M = Extj\(T, X) by mutation in 
direction k in the sense of |DWZ21 (4.16) and (4.17)]. 

Now, equation (|6.1ip follows from the description of the minimal injective presenta- 
tion of M in |DWZ2t Remark 10.8]. In fact, with the notation used there, we have 
obviously dimC/^ = dimExt^^(5fc, M) = h'^. On the other hand, by the definition 
of the mutation procedure for M in direction k and the construction of we have 
dimt/* = dimHom^^,(5fe,M') = h'^. 

Similarly, equation (16.120 follows now from the "Key-Lemma" |DWZ21 Lemma 5.2]. 

Next, let Zk be the (r x r)-matrix defined by 
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1 














Zk '■— 







1 






-1 






1 








I 














1 



To prove equation (f6J3]) . note that 5^^') = Z^B^^^Zk, see |(;LS2[ Proposition 7.5]. More- 
over, if we apply HomA(— ,-'^) to the second short exact sequence in (j6.8|) we obtain with 
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1 



M = Ext^(T, X) the exact sequence 

^ HomA(Tfc,X) ^ HomA(0r/''''' ^ HomA(T^„X) 



where dimKer(iVf (/3fc)) = —h^. Thus 

dimHomA(r',X) = {d\m.Yiom.^{T.X)) ■ - hkGk 

where is the A;th standard coordinate vector of 17' . Now, using = Z^ and i?^ ^ = 0, 

we find g' = gZ^ + hkekB^^\ This imphes our claim since —B^^ = for all {k,l) G 
R^x R. ' ' □ 

6.3. Proof of Theorem |4l Again, let W := VFi. We show in a first step that 

for all X S Ctt,. It is well known that the morphism Xj: (C*)'' — t- A^'" is dominant. In fact, 
by |L2l Proposition 2.7] it is injective, and N"^ is irreducible and of dimension r. Since 
(fx ^ C[A^"'] and 9^ is a rational function, it is sufficient to verify this equality on Xi(t), 
see also |GLS51 Corollary 15.7]. Now, we have: 

VxiXiit)) = J2 X(-^i,a,x)t" 

= t^"('') E x(Gr|,(^)(Exti(W^,X)))t--=^'W 

aGN'' 

^^(^Hon..WX)).B(-)(^^^^)^ E x(Grf-(Exti(T^,A)))^^fe(t)) 

dGN-^- 

= ^5'fe(t)). 

The first equality is just the description of ipx given in [GLSSj Proposition 6.1], and 
the second equality follows directly from Theorem [TJ To prove the third equality, we 
have to show that t*^"**"*^-^) = (^^(xi(t)) for all a E N*" and d = {dk)keR- '■= di^xi^)- 
Proposition 15.11 yields 

keR- 

and by Theorem 13.271 we have 

4 = (Ofc - afc) + (a-_ - Ofc-) + • • • + (a^^^^.^^ - ak^J 

for all k € where a.~{X) = (a~, . . . , a^^). Observe that for k € Rmax we have 4- = 
— . Now an easy calculation yields the result. The last equality is just the definition 
of 6^ . Since the image of X; is dense in A^"' and ipx is regular (and thus continuous), we 
get ^x = 9^. 

Since W is Vj-reachable, it remains to show the following: If a new cluster-tilting module 
T' is obtained from a cluster-tilting module T by mutation in direction k, then 0^ = 9^^ for 
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all X G C^. This follows from Lemma 16.41 with the notation used there and a calculation 
inspired from the proof of |FZ2l Proposition 6.8]: 



V leR J \ieR J 



gi + [B\'^^]+gk-B\'^^hk\ ( \-9k 




^Tk'^Tl^] F' {V>T') {since Qk = hk - h'f^ 



k) 



\l€R 



(Here we set g := gj and g' := g^'-) At the beginning, we used that the y-seed 

(i ^k,i )k ,ieR- , ^T') is obti 
by [FZ2l Proposition 3.9]. 



{{Bj^ ^ )k,ieR- ) <^T') is obtained from {{Bj^ i )k,i£R_ , <^t) by F-seed mutation in direction k 



6.4. An example. Let Q be the Kronecker quiver 



and let A = CQ/(c) be the corresponding preprojective algebra. Then i = (2, 1, 2, 1) is a 
reduced expression for the Weyl group element w = S2S1S2S1. (The stable category is 
equivalent to the cluster category of CQ, see |GLS51 Section 16].) 

The following picture describes the module F := Vi = Vi © • • • © V4 and the quiver Fv^ of 
£v '■= EndA(V^)°^. (The numbers 1 and 2 in the picture are basis vectors of the modules 
Vk- The solid edges show how the arrows a and b of Q act on these vectors, and the dotted 
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edges illustrate the actions of a* and b* .) 

1111 
\ / \ / \ / 

2 2 2 
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1 1 
\ / 
2 



1 1 
\ / 
2 



1 1 1 

\ / \ / 
2 2 



From the well-known description of fy by a quiver with relations, we obtain B^^\ the 
matrix of the Ringel form of and its inverse: 

/ -2 1 \ /l 2 3 4\ 

2 0-21 /r(V)a-i 0123 

-12 1-2 ) = 12 4 6 

\ -1 1 / \0 1 2 4/ 

Note that the entries of (B^^^)"^ describe the dimensions of liom\{Vj, Vi). Observe also 
that £_y := End^ (V)'^^ is isomorphic to CQ. Next, we describe 

W:=Wi = i^e n^{Vi) = T^i © • • • e 

Note that /«, = V3 © V4, W3 = V3 and 14^4 = V4. We have short exact sequences 



^ T^i ^ ^ ¥l ^ and ^ W2 ^ V.? ^ V2 ^ 0. 



Thus 



1111 
\ / \ / \ / 
Wi = 2 2 .... 2 . 



1 



1111 
\ / \ / \ / 
.2 ... 2 2 



1 



1 



1 1 
\ / \ / \ / 
and W2 = 2 2 2 

1 1 

In our situation, we have W = {fii o fj.2){V). Using |GLS21 Section 7] we get 
/ -2 3 \ 

\ 1-21/ 
The quiver T\y of £w '■= EndA(M^)°P looks as follows: 

W2 



/25 


14 


9 


14\ 


16 


9 


6 


9 


11 


6 


4 


6 


V6 


3 


2 





2 \, ,/ 4 
'^3 




Wi 



(Here we write 



■ j in case there are m arrows from i to j.) 
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For A € C we consider the following A-module in C^: 

1111 

\ / \ / \ / 
Xx := 2 .. 2 .. 2 

Ha...--' 
■-. - .-■ 

Note that X\ = VluiiXx)- A direct calculation shows that ^yit\{V,X\) is an (indecom- 
posable) regular CQ-module with dimension vector (1,1) and that dim HomA (K X\) = 
(1, 2, 3, 5). This implies that 

(dimHomA(l^, X^)) ■ B^^^ = (1, -1, 0, 1). 

Using the exact sequences 

^ HomA(Vfe,XA) ^ HomA(P(T4),XA) ^ YLoxaf^iW^, X^) ^ ^^i\{Vk,Xx) ^ 

for /c = 1, 2, we obtain dim HomA (W, Xx) = (9, 5, 3, 5), and therefore 

(dim HomA fVF, •^('^^ = (1,-1,0,0). 

Finally, since Q.~^{Xx) = X\, we get that also 'E-xi\{W,Xx) is an indecomposable regular 
CQ-module with dimension vector (1, 1). 

It is straightforward to calculate (using the Euler characteristics of the corresponding 
varieties of partial composition series) the following: 

¥'Vi(^i(t)) =t3 + ti 

W2fe(t)) = h{4 + 2t3ti + tl) + t^tj 

v^w^{x,{t)) = 444 

Note that the (^-functions of the direct summands of W evaluate on ^i(t) to monomials. 
The F-polynomial of each indecomposable representation of 

with dimension vector (1,1) is 1 + 2/2 + yiy2- Thus, from the definitions we get 



oV 



X 



Thus, by Theorem H] we should have 

(6.14) ^^^ = e^^ = ef^. 

From the matrices B^^^ resp. B^^^ we get 

V, 1 = ^V2 "Pvi ' ^W,1 = 'PW2 ^v! ' 

^V,2 = fViV'VB ^vl ' 'PW,2 = ^Wi '^Va ^V4 ■ 

We verify equation (j6.14p by evaluation on Xi(t). First, we observe that 

<^M/,ife(t)) = *3*r^ and 'Pw,2{x i{t)) = t^t^^ . 
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This implies that 

ifWifWiC^ + 'f'W,2 + 'fW,l'fW,2))iXi{t)) = t^tltfil + t^t^^ + ^4*3*2 ^^r^) = fX;,{Xi{t)). 
On the other hand, from the definitions we get 

Evaluation at Xi(t) yields 

^3^2^l(^4(% + ^l)^ + ^2^l)^ + ^4^3^24fe + ^l)^ + ^3^2^1 _ ^ /'+2^2j.3 , j. j.2^4n, , j. j.3^4 

= ¥'X;,(Xi(t)). 

7. E-INVARIANT AND EXT 

For a cluster-tilting module T in C^, and £_ := ^j^, let E: Cw ^ mod(^) be the functor 
defined by X i— )• Ext]\^(T, X). This functor is known to be dense (i.e. up to isomorphism, 
all objects in mod(^) are in the image of -E), see for example [KRl Proposition 2.1(c)]. 

The following proposition shows that, for an ^-module of the form EX, the E-invariant 
defined in [DWZ2| has a nice geometric description as the codimension of the orbit of X 
in the nilpotent variety. This result plays a crucial role in the proof of Proposition 18.61 and 
of Theorem [5l 

Proposition 7.1. Let T ^ Cyj he a Vi-reachable cluster-tilting module. Then for any 
X,Y ^ Cw there is a short exact sequence 

^ L»Hom^(y,r£(X)) ^ Exti(X,y) ^ Hom^(X, r£(y)) ^ 0. 

In particular, if dhn.j^{X) = d we have 

codimA»(GLd .X) = dimHom^(SX, T£(^X)) = dimHom^(r^^(^X), ^X). 

Proof. The stable endomorphism algebra ^ of T is the Jacobian algebra of a quiver with 
potential, see |BIRSmj . Denote by Gt the corresponding Ginzburg dg-algebra and by 
^pcrf(G'T) resp. I'f.d.(GT) the corresponding subcategory of perfect complexes resp. of 
complexes with total finite-dimensional cohomology of the derived category. The shift in 
^pcrf(G'T) is denoted by S. Following Amiot jAj we have the generalized cluster category 
as the triangulated quotient 

CT:=^pcrf(GT)/%d.(GT). 

It follows from [ARTj that 0^ = Cy as triangulated categories, and then from [BIRSmj 
and |KYj that Cy = Cr- Next, denote by C 'Dpcrf(Gr) the subcategory which consists of 
the cones of maps in add(Gr). Then the canonical projection 2?pcrf(G'T) — )• Ct induces an 
equivalence of additive categories — )• Ct (Al Proposition 2.9, Lemma 2.10], see also [KYI 
Remark 4.1]. By [SI Proposition 2.12] we have for X, y G a short exact sequence 

^ Ext^pe.(G.)(^'^) ^ ^^^cM,Y) ^ I)Ext^^^^,^.(^^)(y,X) ^ 0. 

We have to show that DExt^^^^^^^^^ (X, y ) ^ Hom^(i?°(y), r^(i7°(X))), since H^{X) ^ 



Hom^^^^^(G^)(GT,X) = Homc^(r,X) for X G 7". 

To this end we choose a minimal presentation 
(7.1) Pi^ Pq^ X ^ SPi with Po, Pi e add(GT). 
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Now, for P G add(GT) and Y G I^pcrf(G'T) we have 

Hom^^^^^.(G,)(P,y) = Hom^(i/0(P),i70(y)) 
and Hom©p^^j(P, SY) = if F € J". Thus, 

Ext^porf{GT)(^'^) = Hom25pe.t(GT)(^'5]y) - Coker{Rom£_iH^(p),H\Y))). 
Next, the sequence 

is a minimal projective presentation in mod(^) because of the minimahty of (|7.ip . Since 
we have Hom^(i70(P), L) ^ L>Hom^(L, for L € mod(^) and P G add(Gr) we 

conclude that 

DHomx,^^^^.(G^)(X,Sy) - Ker(Hom^(i/0(y),zvf:(i^O(p)))) = Hom^(i/O(y), T^(i70(X))). 
Here f£: is the usual Nakayama functor. Finally, by Lemma |8. II below, we have 

dimExtjv(X,X) = 2codimA»(GLd .X). 
This yields the result. □ 

8. Generic bases for cluster algebras 

8.1. Generically reduced components. For a Vi-reachable cluster-tilting module T in 
Cw, the algebra £_ := £^ is given by a quiver with potential |BIRSm] . Then by |DWZ21 
Corollary 10.8], 

dimHom^(r^^(y),y) = E'^'^Y) 

is the Fj-invariant defined in |DWZ2j . Since this translates into a simple rank condi- 
tion |DWZ2l Equation (1.17)], for each irreducible component Z £ Irr(^) the following 
hold: 

(i) There is a dense open subset U' Z and a unique h{Z) G N such that 

dim Homf(r^^ ([/),[/) = h{Z) 

for all U eW. 

(ii) There is a dense open subset U" C Z and a unique e{Z) G N such that 

dimExt|(C/,f/) = e{Z) 

for aU U eU". 

(iii) There is a dense open subset U'" C Z and a unique c{Z) G N such that 

codim2(C/.GLd) = c{Z) 

for all U G W" . 
It is well known that 

c{Z) < e{Z) < h{Z). 

(For the second inequality, one uses the Auslander-Reiten formula 

Ext^(C/,C/) ^ D^om^{Tl\Y),Y). 

For an algebra A and ^-modules M and A^, Hom^(M, A^) denotes the homomorphism 
space Hom^(M, A^) modulo the subspace of homomorphisms factoring through projec- 
tives.) It follows from Voigt's Lemma [Gl Proposition 1.1] that Z is (scheme-theoretically) 
generically reduced if and only if c{Z) = e{Z). Recall that Z is strongly reduced if 
c{Z) = h{Z). So, strongly reduced components are in particular generically reduced. 
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8.2. Open subsets of nilpotent varieties. For d G N"^ let be the affine variety of 
nilpotent representations with dimension vector d of the preprojective algebra A. Follow- 
ing Lusztig |Llt Section 12], Ad is equidimensional with 

(8.1) dim(Ad) = d(s(a))d(t(o)). 

a€Qi 

On Ad acts the group GLd = nieQo ^-'^d(i)(C) from the left by conjugation. We have 
the following surprising result, which we borrow from |GLS41 Lemma 4.3]. 

Lemma 8.1. Let M he a nilpotent K-module with dim^(M) = d. Then 

2codimA^(GLd .M) = dimExti(M, M). 

Proof. We have 

2codimAd(GLd -M) = 2(dim(Ad) - dim(GLd) + dimEndA(M)) = dimExt]^(M, M), 
where the last equality holds by (j8.1|) and jCBl Lemma 1]. □ 

Using the notation from Section [3l let := J^^i, where A. = A and i = (v, . . . ,ii) is 
a reduced expression of w. This definition does not depend on the choice of i, see [BIRSl 
Proposition IILl.S]. 

Lemma 8.2. We have 

Cu, = {X a mod(A) I Exti(Z)(A/J^),X) = = HomA(X, J^))}. 
Thus, the subset A^ := {X € Ad | X € C^} is open in Ad- 

Proof. Since A/Jy^ is Gorenstein [BIRSl III Proposition 2.2 and Corollary 3.6] we have 

:= Fac(A/J^) = {X G mod(A/J^) ] Ext\/ jjD {A/ J^), X) = 0}. 

We consider the short exact sequence 

^ D{A/J^) 4 D{A) A D{J^) 0. 

Since HomA(X, L»(A)) ^ D{X) and RomA{X,D{A/J^)) ^ D{X/J^X) naturally, we con- 
clude that X € mod(A/J^) if and only if HomA(A", p) is an isomorphism. 

For X e Fac(A/J^) we have by [BIRSl IIL2.3], 

= Exti(Z)(A/J^),X) ^ Z)Exti(X,D(A/J^)). 

It follows that 

^ HomA(A:, D{A/Ju,)) ^^''^ HomA(X, D{A)) HomA(X, D{J^)) 

is exact. Now, HomA(-^, is an isomorphism since X G mod(A/J^,). This implies that 
HomA(J«„X) = 0. 

Conversely, if X S mod (A) fulfills the conditions of the lemma we conclude from 
B.om\{X, D{Jii,)) = that }iom\{X,i) is an isomorphism. Thus X € mod(A/J„,), and 
we infer Ext\/jjD{A/J^),X) = from Exti(L'(A/J^), X) = 0. 

If A is of Dynkin type, i.e. finite-dimensional, the conditions of the lemma define ob- 
viously an open subset in Ad. Otherwise, Jw is as a tilting module a finitely presented 
A- module [BIRSl Section III.l]. Thus we get an injective resolution 

^ D{A/J^) ^ D{eiAr^ ^ D{eiAr' ^ 
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SO that HomA(^, -D( J^)) = represents also in this case an open condition. □ 

8.3. The syzygy functor preserves irreducible components. The results of this 
subsection will only be used in Section [9. 11 where we prove the second part of Theorem [6l 
We consider for e G the subset 

A^^^ := {X € I dimHomA(y,X) = e}. 

By the upper semicontinuity of dimHomA(Vfc, — ) and Lemma 18.21 AJ^^ is a locally closed 
(possibly empty) subset of A^. Note that for a given e there is at most one d = d(e) such 
that A^g 7^ 0. We showed in |(;LS5[ Section 14] that in case A^^ / 0, it is irreducible 
and of the same dimension as Aj. In particular, if ^ its Zariski closure is an 
irreducible component of and each irreducible component of A^ is of this form. 

Proposition 8.3. For X G A^^ let h: P ^ X he a Cu,- admissible epimorphism (i.e. 
P,X(^Cw and h is an epimorphism with Ker(/i) G 0^), where P is Cw-projective-injective. 
Then for d' := dimA(-P) — d and a unique e' G N'^ there exists an irreducible variety £e',e 
together with open morphisms 



such that for each E G £e' ,e there exists a short exact sequence 

^ tt'{E) a P a tt{E) 0. 

Proof. The proof consists of four steps. 

(i) Let e be the (componentwise) minimum value of the map 

^de ^ pjH- defined by 

X ^ dimmomr (V,X)) = dim(DExti(X, 1/)). Let A^'^" be the open subset of A^^^ 
defined by 

Ad,; ■■= e Al, I dim(HomcjF,X)) = e}. 
Suppose that P G A^„ ^„ and set e' := e" — e + e. It is easy to see that for a short exact 
sequence 

O^X'^P^X^O 
in Cn, with X G A^^, we have X' G A^, ^, if and only if X G A^'~, since Ext\{V,X') ^ 
^omcjV,X). 

(ii) We claim that 

5e',e := {iX',i,p,X) G A:f,,e' X Homg,, (C^' , C^" ) X HouiQ^ (C^" , C^) X I 

i G HomA(-'^', P) injective,p G HomA(-P, ^) surjective ,p o i = 0}, 

together with the obvious projections has the required properties. By construction, we 
only have to show that vr and vr' are open. 

(iii) As for the openness of vr, consider the vector bundle 

Ve := {{p,X) G HomQ„(C'^",C'^) x A^^, | p G HomA(P,X)}. 

This is a subbundle of the trivial vector bundle HomQ,j(C^", C^) x A^^. In particular, the 
projection 7r2: Ve — > AJ^^, {p,X) X is an open morphism. The set 

V^""' := {{p,X) G Ve b surjective} 
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is a dense open subset of Ve- 

It is a standard argument to check that 

:= {{X',i,p,X) e Ad/ X HomQ„(C'i',C^") x HomQ„(C^",C^) x A^^, | 

i € HomA(^', P) injective,p E HomA(^, X) surjective ,p o i = 0} 

together with the obvious projection 

vr34:^e^Vr, {X',i,p,X)^{p,X) 

is a GLd'-principal bundle. In particular, 7r34 is open, and £e is an irreducible variety. 

Now, by Lemma [8. 2 1 and step (i) of the proof, Se',e is a dense open subset of £e- Thus vr, 
as a composition of the open morphisms tt2 o 1^34^ '■ £e — ^ A^ ^ and the inclusion £e',e ^ ^e, 
is open. 

(iv) Let 

A-;+ := {X' e A^,^,, | dimExti(y, X') = e}. 

This is a locally closed subset of A^, ^, . A similar argument as in step (iii) shows that the 
restriction 

'-■e ,e ' -"^d' e' 

of vr' is open. It remains to show that A^,'^, is dense in A^, To this end we note that 
there exist constants /, /' S N such that 

dim(7r~i(7r(£;))) = / and dim((^')"n^'(^))) = /' 

for all E € £e',e, see step (iii) of the proof. Moreover, by Schanuel's Lemma, for X € Im(7r) 
we have 7r'(7r~^(GLd .X)) = GL^/ .X' for some X' G Im(7r'). Thus, we have in this 
situation 

(8.2) codimA^(GLd -X) = codimA»^(GLd .X) 

= codim^u.,+ (GLd' -X') < codimA^, (GLd' .X'). 

On the other hand, since Ext\{X,X) = E-x.t\{X',X'), we have by Lemma O that 
codimAj(GLd .X) = codimA^, (GLd' .X'). This implies by (|8.2p that 

dim(A^;+ ) = dim(A^,_^,) = dim(Ad/). 

□ 

8.4. Bongartz's bundle construction. By Lemma 18. 2| we know that A^ is an open 
subset of Ad for all d. The varieties Ad and A^ are equidimensional, and we know that 
their irreducible components for all possible dimension vectors d parametrize the dual 
semicanonical bases S* of C[A^], and of C[N]^'^^\ respectively. 

Given e G N^^ and c G N we consider the locally closed subset 

^(e,c) _ {X G A^ I dimExti(Tfc, X) = e{k) for k G R- and dimEndA(X) = c} . 
We say that a subset y Q is a T-sheet of type e if it is an irreducible component 

of some A^'''''^ In this case, we say that y is dense if the Zariski closure y in A'f is an 
irreducible component of A^. 

Clearly, A^ is a finite union of T-sheets, and each irreducible component contains a 
unique dense T-sheet. 
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Remark 8.4. (1) Let us recall some definitions and results from |CBSj . We write Z = 
Z' ®Z" for irreducible components, say Z' C A^, and Z" C A^„, if and only if 2 C AJ^,_|_^„ 
is an irreducible component which contains a dense open subset U such that for all X (^U 
we have X ^ X' e X" for some X' G Z' and X" G Z". This is possible if and only if 
Ext\{Z',Z") = 0, i.e. if there are dense open subsets U' C Z' and U" C Z" such that 
Ext\lx',X") = for all X' G W and X" e U". (Note, since is 2-Calabi-Yau, the 
conditions Fi'x.t\{Z' , Z") = and Fixt\{Z" , Z') = are equivalent.) On the other hand, 
Z ^ A^ is by definition indecomposable if it contains a dense open subset U such that all 
X G U are indecomposable. For example, since Ext\(Tfc,Tfc) = 0, one can apply Voigt's 
Lemma to show that 

Tk := GLd .Tfc 

is an indecomposable irreducible component. (Here we set d := dim^(T/;).) 

With these definitions, each irreducible component Z admits an essentially unique de- 
composition into indecomposable irreducible components, see |CBSj . 

(2) We say that an irreducible component Z C A^ is generically T-free if in the decom- 
position into indecomposable components, there is no summand of the form Tk for any 
1 < k < r. As a consequence of (1), each irreducible component Z C A^ can be written 
uniquely as 

with Z' generically T-free. If e € is the type of the unique dense T-sheet y' C Z', 
then in the above decomposition = in case e{k) 7^ by the definition of type. 
Moreover, the unique dense T-sheet y Q Z has the same type as y'. 

We have the following variant of a construction by Bongartz |Bol Section 4.3]: 

Lemma 8.5. Let y C A^ be a T-sheet of type e. Then there exists a GLd-GLe-variety 
By together with morphisms 

By 




y mod(^, e) 

such that 

• TTi is a Ghd-equivariant Ghe-principal bundle, 

• 7r2 is GLe- equivariant and GL^-invariant, 

• IfY £y, then tt2{B) ^ Ext\(T,Y) for all B G vrf ^(y). 

Proof. It is easy to derive from |Bot Section 2.4] that for any k E the set 

8y,k ■.= {{Y,e)\Y ^y and e G Exti (Tfc,y)} 

can be given the structure of an algebraic vector bundle of rank e(A;) over y. It follows 
that 

By ■= {<X, {vk,i)keR^,i<i<e{k)) \ Y ey and {vk,i)i<i<e{k) 

is a basis of Ex.t\{Tk, Y) for all k G R-} 

is together with the obvious projection tti a GLd-equivariant GLe-principal bundle over 
3^. Then one proceeds as in |GLS51 Section 14]. □ 

Proposition 8.6. For Z G Irr(mod(^, e)) the following are equivalent: 
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(i) Z is strongly reduced. 

(ii) Z = TT2{By) for some dense, generically T-free T -sheet of type e. 

In this case, y is uniquely determined, and Z = Tr2{Byi) precisely for the dense T -sheets 

y'^y® IT" 

fceNuii(2) 

with mk € N. 

Proof Since each M G mod(^) is of the form M ^ Ex.t\{T,X) for some X E we 
conclude that Z is a countable union of constructible sets of the form 7r2{By) for certain 
T-sheets y of type e. Since C is not countable, the Baire category theorem implies that 
Z = 7r2{By) for one of these T-sheets, say y C A^. 

There is some c € N such that codim3;(GLd -Y) = c for all Y & y by the defini- 
tion of the T-sheets. We claim that then Tr2{By) contains a dense open subset A4 such 
that codim2:(M. GLe) = c for all M G ^A. Indeed, for any M G 7r2{By) we have 
codimBy(7r2"^(M. GLe)) = c since there are only finitely many orbits, say GL^ .Yg for 
1 < s < t in 3^, such that Ext\{T, K,) = M, so that 

t 

TT^-HM.GLe) = U vrr^GLd.r.). 

Now, codimey(7rf ^(GLd -Y)) = codim3;(GLd .Y) = c for allY £y since tti is a principal 
bundle. So our claim follows from Chevalley's theorem. 

Finally, let h := codimA-(3^). Then codimA-(GLd .Y) = c h for all Y e y. Thus, 
since each M G Tr2{By) is of the form M = FjXt\{T,Y) for some y G 3^, we have by 
Proposition 17.11 

c + h = dimHom£(M, Tg{M)). 
Thus, Z is strongly reduced if and only if /i = 0. The rest is clear by Remark 8.4(2). □ 

8.5. Proof of Theorem [5l Consider the epimorphism 

defined in Section 11.51 Then, by Theorem H] and our results from Section 16. 2^ for X £ Cw 
we get 

Ut{^x) = Uriel) = X- • 4^E.t\iT,x') 

where we write 

r 

x = x'e0T,'"'= 
fe=i 

in such a way that X' has no direct summand from add(T), and we set m := {mk)k&R_- 
Thus, by Proposition 18.61 the image of the dual semicanonical basis of C[A^"'] under 11^ 
is just the generic basis Q'^. (This is indeed a basis by |GLS51 Section 15].) This finishes 
the proof. 
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8.6. An example. We continue with the example from Section 14. 4[ 
Wi © • • • © Wq. The quiver Tyy of £w looks as follows: 



Let W 




An easy computation yields 



f 


-1 


1 


1 


-1 


o\ 


1 








-1 








-1 





1 











-1 


1 








1 


-1 


1 





-1 


-1 


1 





^0 








1 


-1 





and 



Note that £_ := £_^r is the path algebra of the quiver V_-^ 

Wi 



W2 



modulo the ideal generated by {6a, c6, ac}. We have 



-1 1 







(I 


1 
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1\ 





1 





1 





1 


1 


1 


1 


1 


1 


1 


1 








1 


1 


1 


1 





1 


1 


2 


1 







1 





1 


V 



Let Si, 82-, Si be the simple ^-modules corresponding to the vertices of F^y, and let 
Pi,P2,Pi and Ii,/2,/4 be their projective covers and injective envelopes, respectively. 
One easily checks that h = Pa, h = Pi and h = P2, and that Si, S2, S4, Ii, I2, h are 
the only indecomposable ^-modules up to isomorphism. Let us write these modules as 
representations of T^r: 



Si 



S2 
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h c h c ho 

y \ / K / \ 

C-^ 0-^ c '^^~i — ^ 

Next, we determine the ^-modules 'Ext\{W,X), where X runs through all 12 indecom- 
posable A- modules. 

Ext\{W, Vi)=Ii Ext jv {W,V2) = l2 Exti {W,Vi) = h 

Exti(VF, Li) = Si Exti(W^, L2) = S2 Ext\(l^, L4) = ^4 

and we have Ext\(H^, W^) = for all 1 < A; < 6. Since ^ is a representation-finite algebra 
(it has only 6 indecomposable modules), each irreducible component in Irr(^, e) is the 
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closure of some GLe-orbit. For an ^-module Y in mod(^, e) let Oy '■= Y. GLg be its 
GLg-orbit, and let Oy be the Zariski closure of Oy. We get 

Irr(^) = {0^\Y = e If e If e | ai, aa, 04, Sfc > 0, A: = 1, 2, 4} . 

An easy calculation shows that 

Irr^'iS) = {0^\Y = I^' I^' I^* 5^^ | ai, 02, 04, Sfc > 0, A: = 1, 2, 4, 

■Sia4 = ,5201 = 5402 = 0}. 

Next, we compute the functions ipy, where Y runs through the 6 indecomposable Sj- 
modules. Observe that xwa = X2X^^ , xw,2 = x^^x^ and xw,a = xiX2^ . We obtain 

"051 = X^^Xi{l ■ + 1 • ^^'°'°^) = Xj;'^X4(l + X2X^^) 

^pS2 = XlX2^{l ■ X^^°'°^) + 1 • = XlX2^{l + X^^Xi) 

i^Si = X2X^^{1 ■ + 1 • X^w^'^^) = X2X4 ^(1 + X1X2 ^) 

V'/i = Xj"^(l • + 1 • + 1 • = + X2X^^ + X2X^^XlX2^) 

V'/a = 2^2"^! ■ + 1 ■ X^W^'^^ + 1 • x[^'^'°^) = Xj"^(l + Xj"^X4 + X2Xj^Xj"^X4) 

^^74 = X^^C^ ■ + 1 • X^W^'^^ + 1 • = X];^(l + X1X2 ^ + Xj"^X4XlX2 ^) 

The basis consists then of the following 14 sets of monomials: 



XiX2X^ 






























Xix\ipSi 



where a,b,c> 0. 

For example, from our calculations in Section 14.41 we get 

As predicted by Theorem \5\ we get 

(Ilr O $t)(VVi) = + X4 ^xj"^X2 + x]"^ = -0/1 • 

9. CatEGORIFICATION of THE TWIST AUTOMORPHISM 
9.1. We define an isomorphism 

of Laurent polynomial rings by 

for 1 < k < r. By the Laurent phenomenon |FZlj . each cluster variable of a cluster algebra 
is a Laurent polynomial in the cluster variables of any given cluster. It follows that C[A^'"] 
is a subalgebra of both C[(/?y.^^ , • • • , fy-^ ] and C[(p^, ^, ■ ■ ■ , 'Pw^- ] ■ Here we use that Wi is 
Vi-reachable. 
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By Theorem m and the definition of hv{ WG h.ctV6 for X G Cnj , 

Here we also used that Ext]^(Vi, X) and Ext]^(VFi, are isomorphic as modules over 

Endr ^ (Vi)°^ — End^^ Now, using the short exact sequence 

^ n^{X) P{X) ^X ^0 

where P{X) is C«,-projective-injective, we get 

(y,' ydimHomA(Vi.X))-B''^i) ^ ^ (dim Ext\(V^ .n^(X))-dim HoniA (V; .^u, ^-1^^ 

Here we used that 

(^;){dimHomA(y„P(X))).B(^i) ^ ^-1^^^ 

Thus, we can continue with the help of Proposition 15.11 and Theorem 

= Vx^~p\xy 

This proves that k\ does not depend on the choice of the reduced word i. Thus we can 
denote by the restriction of Ki to C[A^'"] C C[(^y.^^, . . . , Lpy}^ ]. Moreover, the fact that k. 
permutes the elements of the dual semicanonical basis follows directly from Proposition 
and our results in |GLS51 Section 15]. It now remains to prove that = {viZ})~^- 

9.2. Definitions and known results. Before we proceed, we recall some definitions and 
known results. For more details we refer to |GLS5j . 

Let u € W . We denote by D^.^^i^^.-^ the restriction to N of the generalized minor 
^voi,u{voi)- Let Ow be the open subset of defined by 

0^:=[xeN\ Z)^^,^-i(^^.)(x) / for all 1 < j < n} . 

Following |BZ) and |GLS5| , we introduce a map t]w '■ X Ci — )• N"^ by 

Here, for g in the Kac-Moody group of g admitting a Birkhoff decomposition, [g]^ stands 
for the factor of this decomposition belonging to A^. Let N{w) = N Ci {w"^ N-w) and 
N'{w) = N n (w'^Nw) be the unipotent groups associated to w |GLS51 Sections 5.2 
and 8.2]. Multiplication in induces a bijective map N{w) x N'{w) N. The ring of 
A'^'(i(;)-invariant functions on N, denoted by C[N]^'^'^\ is thus isomorphic to C[N{w)]. 

The restriction of rjy^ to N{w) is an isomorphism from N{w) to N"^ . Also, 
N''" C Ow, and the restriction of r]yj to iV'^' is precisely the automorphism rjyj of N"^ 
mentioned in Section [1.6i 

Fix X S N"^ , and set z = ri~^{x) G A''"'. Also let y be the unique element of N{w) PI Ow 
such that rjw{y) = x. It is known that z~^y € N'{w). Hence, for every tp € C[A^] invariant 
by right translation by N'{w), we have (p{z) = (p{y). 

Finally, let i = (i,-, . . . , ii) be a reduced word for w. We know that when t varies over 
(C*)'', x^it) goes over a dense subset of A^"'. For 1 < / < < r, we set Wfc := -Sij. • • • 
and 

f3i{k) ■.= w^^^{ai^) = •••Si,_j(aiJ. 
As before, let bi{l,k) := — (si, • • • Sj^. (tijj^ ) , ) . Note that bi{l,k) > 0. 
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9.3. End of the proof of Theorem [H]. To prove that = {t]^) ^, we have to show 



that 

for all 1 < A; < r. 

We know that (^Vj. = D -i, y Let x := Xi{t) where t G (C*)^, and attach to x 
the elements y and z as above. By Proposition 14.41 we have 



'vki-)= n ^i"'''"'- 



KKk 



Hence, it is enough to show that 

(9-1) D \ ){z) = D .,^{v) = n i 



l</<fc 



where the first equality follows from the fact that D -i, ^ is A^'(tt;)-invariant for 



l<k<r. 



The proof is very similar to that of |BZj . so we just recall the main ideas, referring to 
appropriate places in |BZj for some simple calculations. There are two steps. 

(a) We first show (19. ip in the particular case when k = kj := max{s & R \ is = j} for a 
given 1 < J < n. In this case, (j9.ip can be written as 



(9.2) i)^,,.-i(^,)(2/)= n *r''^'''^- 

i<i<fc 

Since . = 1 . , already know by Proposition 14.41 that 

i</<fc 

Hence it is enough to check that 

(9.3) D^j,w-^u7j){y)D^j,w-^mj){x) = 1. 

This is proved in exactly the same way as in [BZ^ Lemma 6.4 (a)], using some basic 
properties of generalized minors. 

(b) We then show (|9.ip for any 1 < k < r. We write x = x"x' , where 

x' := Xii^{tk) ■ ■ ■ Xi-^(ti) and x" := Xi^{tr) ■ ■ ■ Xi^^^{ti,+i). 

Let N{l3i{k)) = exp(n^.(fc)) denote the root subgroup of N^w) associated to the root f3i{k). 
The product map gives an isomorphism of affine varieties 

N{/3i{l)) x---xN{l3i{r))^N{w). 

Therefore we can write y = y^^^ ■ ■ ■ y^''^ with y^*"') € N{f3i{k)). Arguing as in |BZ1 Proposi- 
tions 5.3 and 5.4], one shows that 

Vw.iy'^^^ ■ ■ ■ y^'''^) = xi^itk) ■ ■ ■ xi,{h) = x'. 

Moreover, y' := y^^)---y^^) g N{wk) and y^^~^^\ . . . , y^"^^ € N'{wk)- Therefore, since 
-D„ ^ is A^'(tt;A:)-invariant, we have 

D -1, ,(y)=D -1, Jy'). 
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Now, using (a) with w replaced by Wk, we obtain that 

l<l<k 

This finishes the proof. 
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